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Abstract
As the structural health monitoring (SHM) process evolves from research to practice,

new challenges arise from its practical implementations. Normal variations in the structure’s dy-
namics caused by operational and environmental conditions are still one of the biggest challenges
for real applications of automated monitoring systems. In those cases, the normal variability can
mask the existence of damage or blur the severity of damage occurrence. In the context of SHM,
data normalization is referred to as the process of �ltering these normal e�ects to provide a proper
evaluation of the structural health condition. Although the number of approaches for normal-
ization is growing fast, most of them still impose serious limitations for deployment in real-world
monitoring systems, often related to the damage sensitivity of the extracted features, which re-
duces the overall damage detection performance. Alongside the aforementioned issues, a growing
number of applications requires autonomous non-contact approaches for vibration-based mon-
itoring, pushing e�orts into the development of vision-based techniques for modal analysis and
feature extraction, which can be coupled with machine learning algorithms for real-time dynam-
ics monitoring. Despite some recent and impressive applications of computer vision techniques
for SHM, the majority of those works still rely on the positioning of speckle or high-contrast
markers over the surface of the structure, which can greatly reduce their range of applicability.
Therefore, as major contributions, the present thesis addresses the development of novel output-
only approaches in terms of data acquisition, modal analysis for feature extraction and damage
detection based on computer vision and machine learning techniques, capable of blindly iden-
tify high-resolution full-�eld vibration modes from video measurements only, detect and poten-
tially quantify the damage level in structures of arbitrary complexity. First, machine learning al-
gorithms are proposed for intelligent vibration-based damage detection on accelerometer data. A
deep autoencoder is designed to autonomously learn the normal vibration condition of a moni-
tored structure and to identify damaged conditions from changes in the natural frequencies. Ad-
ditionally, a cluster-based technique is introduced to classify di�erent undamaged and damaged
conditions of a structure, providing useful insights on the structural behavior. This straightfor-
ward clustering procedure automatically discovers the optimal number of clusters representing
the main state conditions of the structural system without requiring any manual parameter set-
ting. Second, techniques for blindly identify full-�eld high-resolution mode shapes and other
modal parameters from video measurements only are introduced to performing 2D modal analy-
sis using commercial cameras, with application on bench-scale laboratory structures and for other
problems involving 2D wave decomposition. Additionally, it is introduced the �rst approach to
date for e�cient and extremely high-resolution 3D structural dynamic modal analysis from dy-
namic point cloud data acquired using a commercial, low-cost, time-of-�ight imager. Solutions
to the blind source separation problem are employed to estimate high-resolution 3D mode shapes,
modal coordinates, and natural frequencies using a modi�ed version of the technique employed
for the 2D case. It is demonstrated that the proposed approaches have the potential of being
general-purpose ones, capable of performing modal analysis and monitoring of amorphous struc-
tures. All proposed techniques are validated on laboratory experiments and real-world vibration
monitoring datasets to demonstrate their ability to perform the monitoring of varied forms of
structures under di�erent conditions and scenarios.

Keywords: Structural health monitoring, Machine learning, Vision-based dynamics monitoring,
Blind source separation, Damage-sensitive feature extraction, Autoencoder, Cluster analysis



Resumo
À medida em que o processo de monitoramento da integridade estrutural (do inglês,

Structural Health Monitoring – SHM) evolui na sua transição da academia para a indústria novos
desa�os surgem de sua aplicação. Variações normais na dinâmica estrutural causadas por condições
de variabilidade operacional e ambiental continuam exercendo o posto de maior desa�o na apli-
cação de sistemas autônomos de monitoramento. Nestes casos, estes efeitos mascaram a existên-
cia de danos estruturais e alteram o seu nível de severidade. No contexto de aplicações para SHM
a normalização de dados se refere ao processo de �ltragem dos efeitos de variabilidade a �m de
prover uma avaliação adequada da integridade estrutural. Embora o número de abordagens para
normalização esteja em rápido crescimento, a maioria ainda sofre por problemas derivados de
condições iniciais a serem satisfeitas, como por exemplo restrições acerca das características es-
tatísticas dos dados de entrada (e, consequentemente, da resposta estrutural), assim como o ele-
vado número de parâmetros de entrada a serem ajustados. No outro lado dessa questão encontra-
se a crescente necessidade de abordagens para a aquisição autônoma de dados sem contato di-
reto com a estrutura. Esta demanda tem direcionado o desenvolvimento de técnicas baseadas em
visão para a análise e identi�cação modal, as quais podem ser acopladas a modelos de aprendizado
de máquina para o monitoramente dinâmico em tempo-real. Apesar de algumas recentes apli-
cações de técnicas de visão computacional para SHM, a maioria dos trabalhos continua exigindo
o posicionamento de objetos e/ou marcadores de alto contraste na superfície da estrutura para
possibilitar a sua fácil detecção em vídeo para o �m de monitorar as suas variações dinâmicas,
reduzindo assim a gama de aplicações possíveis. O presente trabalho visa o desenvolvimento de
novas abordagens para a aquisição de dados, análise modal e detecção de danos baseados em visão
computacional e aprendizado de máquina, capazes de identi�car modos de vibração com altíssima
resolução espacial a partir de medições de vídeo, além de detectar e potencialmente quanti�car o
nível de dano em estruturas de complexidade arbitrária. Primeiro, modelos de aprendizado de
máquina são propostos para a detecção de danos com o uso de dados de vibração oriundos de
acelerômetros. Neste caso, uma rede neural profunda auto-codi�cável é projetada para apren-
der a condição de vibração normal da estrutura e assim identi�car condições anômalas a partir
de alterações nas suas frequências modais. Ainda, uma técnica de clusterização é proposta para
a detecção de danos e classi�cação de diferentes tipos de condições estruturais, provendo assim
uma melhor compreensão acerca do comportamento dinâmico. Esse procedimento é capaz de
autonomamente descobrir o número ótimo de clusters a serem descobertos, os quais indireta-
mente representam os principais tipos de condições normais as quais a estrutura já esteve sujeita
(por exemplo, variações de temperatura, efeitos de carga, e vento forte). Em segundo, técnicas para
a identi�cação cega de modos estruturais com alta resolução a partir de câmeras de vídeo são pro-
postos para o �m de análise modal em 2D. Além disso, introduzimos a primeira técnica efetiva
para análise modal em 3D a partir de nuvens dinâmicas de pontos obtidas com o uso de sensores
time-of-flight disponíveis comercialmente. Neste caso, soluções para o problema da separação cega
de fonte são empregadas para estimar modos de vibração em 3D, coordenadas modais, e outros
parâmetros de interesse com o uso de uma versão adaptada da técnica usada para estimar modos
em 2D. As abordagens propostas possuem um inerente potencial de aplicação em diversas áreas,
por serem capazes de realizar decomposição de fenômenos em estruturas de natureza diversa, po-
tencialidade a qual é demonstrada através de simulações e experimentos laboratoriais, bem como
em conjuntos de dados obtidos a partir de sistemas de monitoramento em estruturas reais.

Palavras-chave: Monitoramento de integridade estrutural, Aprendizado de máquina, Monitora-
mento dinâmico baseado em visão, Separação cega de fonte, Extração de características sensitivas
a dano, Rede auto-codi�cável, Clusterização
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CHAPTER1
Introduction

“A scientist in his laboratory is not only a technician: he is also a child placed
before natural phenomena which impress him like a fairy tale”

— Marie Curie (1867–1934)

“A man who dares to waste one hour of time has not discovered the value of
life”

— Charles Darwin (1809–1882)

“If you know you are on the right track, if you have this inner knowledge, then
nobody can turn you o�... no matter what they say”

— Barbara McClintock, 1983 Nobel Prize in Physiology or Medicine
(1902–1992)

The last two decades have seen structural health monitoring (SHM) approaches emerging as the
main solutions to face the challenges imposed by aging civil infrastructure. The SHM literature

has grown very fast and at the same pace are the demands imposed by our society. One of the main
concerns is the development of autonomous, intelligent and real-time monitoring approaches, which
have driven enormous research e�orts to machine learning- and vision-based techniques for feature
extraction and damage detection.

The present thesis addresses the challenges in vibration-based unsupervised damage detec-
tion with special focus on real-world bridge monitoring. Also, in the context of feature extraction,
vision-based techniques are developed for output-only modal analysis with application on laboratoy
test-bed structures. The thesis is organized as a compilation of published or submitted articles in scien-
ti�c journals proposing algorithms and alternative methodologies as novel solutions and formulations
for damage detection on civil infrastructures and modal analysis. Well-known machine learning and
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signal processing problems are revisited and brought to the center of current SHM challenges. In this
chapter, it is discussed the general context of this work, goals and main scienti�c contributions along
with their relationships with the following chapters.

1.1 Context

1.1.1 Structural Health Monitoring and Statistical Pattern Recognition

Improved and more continuous condition assessment of civil structures has been demanded
by our society to better face the challenges presented by aging civil infrastructure. A structural man-
agement system (SMS) plans to cover all activities performed during the service life of an engineer-
ing structure, considering public safety, authorities’ budgetary constraints, and transport network
functionality. It possesses mechanisms to ensure the structures are regularly inspected, evaluated, and
maintained in a proper manner. Hence, a SMS is developed to analyze engineering and economic fac-
tors and to attend the authorities in determining how and when to make decisions regarding mainte-
nance, repair, and rehabilitation of structures [13, 14]. In the context of bridge engineering, this system
is known as bridge management system (BMS).

However, the BMS still depends on structural inspections, especially on the qualitative and
not necessarily consistent visual inspections, which may impact the structural evaluation and, con-
sequently, the maintenance decisions as well as the avoidance of structural collapses [15]. In the last
decades, the concept of structural health monitoring (SHM) has emerged to aid the structural manage-
ment with more reliable and quantitative information. Although the BMS has already been accepted
by the bridge owners around the world [16, 17, 18], even though with inherent limitations imposed
by the visual inspections, the SHM is becoming increasingly attractive due to its potential ability to
detect damage at varying stages and near real-time, with the consequent life-safety and economical
bene�ts [1, 13].

The process involves the observation of a structural system over time using periodically sam-
pled response measurements from an array of sensors, the extraction of damage-sensitive features
from these measurements, and the statistical analysis of these features to discriminate the actual struc-
tural condition for short or long-time periods. Then, once the normal condition has been successfully
learned, the model can be used for rapid condition assessment to provide, in nearly real time, reliable
information regarding the integrity of the structure.

The author believes that all approaches to SHM, as well as all traditional non-destructive eval-
uation (NDE) techniques, can be posed in the context of a statistical pattern recognition (SPR) prob-
lem. Thus, the SPR paradigm for the development of SHM solutions can be described as a four-phase
process [19]: (1) operational evaluation, (2) data acquisition, (3) feature extraction, and (4) statistical
modeling for feature classi�cation.

Particularly, in the feature extraction phase, damage-sensitive features (e.g., natural frequen-
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cies, autoregressive model parameters) are derived from the raw data, being correlated with the sever-
ity of damage present in the monitored structure. Data compression is also an inherent part of most
feature extraction procedures. Unfortunately, operational and environmental variations (e.g. temper-
ature, operational loading, humidity and wind speed) often arise as undesired e�ects in the damage-
sensitive features and usually mask changes caused by damage, which might negatively in�uence the
proper identi�cation of damage [20].

In that regard, data normalization procedures are required to surpass the e�ects of operational
and environmental variability, as an e�ort to improve the damage assessment [16]. This procedure
is fully connected to the data acquisition, feature extraction, and statistical modeling phases of the
SHM process, including a wide range of steps for mitigating (or even removing) the e�ects of normal
variations on the extracted features as well as for separating changes in damage-sensitive features caused
by damage from those caused by varying operational and environmental conditions [4, 21]. Without
such data normalization procedures, varying operational and environmental conditions will produce
false-positive indications of damage and quickly erode con�dence in the SHM system. In general, the
treatment of such in�uences starts in data collection (by choosing less sensitive physical parameters to
varying normal condition), appears in feature extraction (by selection of features with high sensitivity
to damage and insensitive to normal variations), and �nishes in the statistical modeling (remaining
e�ects are accounted by automated procedures inspired in machine learning �eld) [22].

For the statistical modeling phase, several machine learning algorithms with di�erent working
principles have been proposed [23, 24]. These machine learning approaches are often characterized as
unsupervised and output-only because they are trained only with damage-sensitive features related to
undamaged condition without any measurement directly related to operational and environmental
parameters. One of the reasons for this choice is the limited applicability of the supervised learning,
which carries out the training phase using data from both conditions (undamaged and damaged),
and the input-output approaches should know in advance all parameters to be measured, respectively
[7, 25, 26, 27, 28, 29].

The most traditional unsupervised approaches used in SHM �eld are, probably, the ones
based on Mahalanobis squared distance (MSD) and principal component analysis (PCA) [30, 31, 32,
33, 34]. They are linear algorithms adapted to act as data normalization and damage detection tech-
niques used to model, mainly, e�ects of linear variations. However, the linear behavior imposed for
these techniques has limited their applicability in SHM. If nonlinearities are present in the monitor-
ing data, the MSD and PCA might fail in modeling the normal condition of a structure because the
former assumes the baseline data follow a multivariate Gaussian distribution (or only one data cluster)
and the principal components in the latter are independent only if the baseline data is jointly normally
distributed.

To extend the capabilities of the traditional methods, improved approaches based on the auto-
associative neural network (AANN), kernel PCA and Gaussian mixture models (GMMs) were pro-
posed to deal with real-world structures and more complex SHM applications such that the nonlinear
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in�uences on the damage-sensitive features could be accounted for [35, 36, 37, 8, 38, 39]. However, the
required input parameters, for instance, the number of components to use in the GMM, as well as
the usual constraints related to data distribution, make these approaches hard to employ in real-world
monitoring campaigns. In some cases, despite of their model complexity and high computational cost,
the training procedures do not guarantee a proper modeling of normal conditions, resulting in poor
damage detection performance.

1.1.2 Vision-based Approaches for Modal Analysis

Alongside the challenges in autonomous damage detection, but directly associated to the
SPR’s data acquisition and feature extraction steps, there is an increasing demand for alternative meth-
ods for modal analysis. Vibration-based methods are among the most widely used techniques for
health monitoring, model updating and characterization of civil, mechanical, and aerospace structures
[40]. Experimental and operational modal analysis are two general classes of methods used to identify
the dynamic properties of structures from measured data. Experimental modal analysis refers to meth-
ods that identify such properties when a measured input to the structure is available while operational
modal analysis relies only on measured response data. In both methods, the data are mostly acquired
with conventional data acquisition methods based on physically-attached wired or wireless sensors,
such as accelerometers or vibrometers [41, 42, 43, 44, 45], which signi�cantly increases the budgetary
demands on the managing of infrastructures. Altough reliable, those sensors can result in unwanted
mass-loading e�ects and subsequent changing of the actual vibration response from lightweight struc-
tures, and also require signi�cant maintenance e�orts when long-term monitoring campaigns are re-
quired.

Moreover, those sensor networks can only provide measurements at discrete point-wise spatial
resolution, as usually only a limited number of sensors can be placed over the structure surface [46,
47]. Therefore, full-�eld monitoring is hardly achieved, which limits the range of applications. As
mentioned in [48] and described by Fan et al. [49], the spatial resolution of sensor measurements are
critical for numerous mode shape-based damage identi�cation methods. In that scenario, non-contact
approaches are preferable for cases where the monitored structure is located at inaccessible areas or
when full-�eld measurements are required, e.g., for modal-based damage assessment [50, 51, 52].

Non-contact vibration measurement techniques, such as displacement measurements made
with scanning laser vibrometers [53, 54, 55], provide high spatial resolution sensing capacity without
the need of installed sensors on the structures or inducing mass-loading e�ects. However, these mea-
surement devices are relatively expensive and perform measurements sequentially, which could be time
and labor tedious when the desired sensing areas are large. Digital video cameras based photogramme-
try recently emerged as an alternative non-contact optical measurement method to achieve full-�eld,
high-resolution structural dynamics measurements, which can signi�cantly improve structural dy-
namics analysis and health monitoring systems [56, 57, 58, 59, 60]. It uses passive white-light imaging
with digital video cameras that are relatively low-cost, agile, and provides simultaneous, very high spa-
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tial resolution measurements where every pixel e�ectively becomes a measurement point on the struc-
ture. Combined with advanced image processing algorithms such as optical �ow [40, 61] and digital
image correlation (DIC) [62, 63], successful studies have been demonstrated by the structural dynam-
ics (full-�eld structural dynamics response measurements and subsequently experimental modal anal-
ysis [53, 54, 55, 64]) and health monitoring (damage detection) communities [65, 66, 67, 68, 69].

Although these techniques o�er clear advantages, these methods typically rely on speckle pat-
terns or high-contrast markers positioned on the structural surface. Thus, the spatial position of these
high contrast areas can be monitored over frames in order to compute local deformations using image
intensity correlation or feature-point tracking [70, 71]. Moreover, that approach relies on the spatial
context of spatio-temporal data (frames), similar to those seen in the traditional optical-�ow meth-
ods [61, 72, 73, 74]. For wider acceptance of vision-based modal analysis methods, it is most desirable
to develop methods that utilize the video measurements only without additional structural surface
preparation. Although very recent and impressive formulations have been proposed for operational
modal analysis [75, 76], they are still dependent on several user input parameters and supervision that
are not suited for e�cient and automated implementation on site applications.

A recently proposed method [48], termed full-�eld video dynamics algorithm, has been found
to be e�cient and can be implemented automatically. The main advantage of this technique is to
process the video data into the temporal dimension only (time-series related to the pixel intensities)
without considering the spatial context (frames). The end result is to indirectly perform spatial pro-
cessing by looking at the temporal correlations of pixel time-series, which has been proven to e�ectively
decompose individual vibration responses. It is noted that the video of vibrating structures is inher-
ently sparse. Typically, video of vibrating structures has a dimensionality consisting of thousands or
even millions of pixels and hundreds to thousands of frames. However, the motion of the vibrating
structure can be described using only a few mode shapes and their associated modal coordinates. This
means that the video, potentially, contains large amounts of redundant information that increase the
computational demand for video dynamics processing, but also allows one to e�ectively estimate vi-
bration parameters. The proposed method exploits the physical relationship between unsupervised
machine learning systems and structural dynamic models to model and process high-dimensional
pixel measurements and motion information. Through a family of unsupervised machine learning
algorithms, principal component analysis for dimension reduction and blind source separation for
modal decomposition, it is able to perform automated, unsupervised, and e�cient identi�cation of
the output-only structure’s modal frequencies, damping ratios, and full-�eld (full pixel resolution)
mode shapes. These modal properties can be used for system identi�cation or as damage-sensitive fea-
tures.
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1.2 Problems and Motivations

One of the biggest challenges for the transition of SHM technology from research to prac-
tice refers to the separation of changes in the feature amplitude caused by damage from those caused
by changing operational and environmental conditions. Actually, there are two main approaches to
separate those changes. The �rst implies the direct measure of the sources of variability, as well as the
structural time-response at di�erent locations of the structure. This input-output approach learns
the structural condition by establishing a direct relation between the normal variations and the actual
structural condition. However, such parameterized modeling is hard and complex to deploy in real
situations due to the complexity to discover and capture all sources of variability, which still not com-
pletely understood [8]. The second approach, and the one used in this thesis, attempts to establish the
existence of damage for cases when measurements of the operational and environmental factors that
in�uence the structure’s dynamic response are not available or can not be obtained.

The problem in this damage detection approach relies on the same issue that makes it atrac-
tive: the monitoring of damage-sensitive features extracted from the structure’s response only. Many
features are not measured directly, instead they are estimated from monitoring data using feature
extraction techniques. Modal properties (e.g., natural frequencies), for instance, can be estimated
from vibration response measurements, such as accelerations, which may introduce estimation er-
rors. Moreover, almost all features are sensitive not only to changes caused by structural damage but
also to changes in temperature, tra�c loading, wind speed or relative humidity. These problems high-
light that, in practical SHM solutions, the accuracy of the estimated features and the operational and
environmental variability should be accounted for. The normal variability not only a�ects the mate-
rial sti�ness, but also the geometric dimensions of the structure. For instance, Figure 1 demonstrates
the behavior of a small set of features collected under laboratory conditions [1]. This example shows
that under constant environmental temperature a structural system normally behaves similarly to a
linear time-invariant system. The issue for real-world experiments, mainly outdoor, is that tempera-
ture variations may occur very fast (minutes or hours), resulting in �uctuations in the amplitude of
the damage-sensitive features, which clearly confuse the detection of damage.

When the environmental variability on damage-sensitive features is considered, an important
issue is that changes in environmental conditions are much slower than the lowest structural eigen-
period for �xed conditions [8]. If a structure is monitored for a short period of time (seconds or min-
utes), it acts as a linear time-invariant system. This structural dynamics behavior may change when a
long-term monitoring (days, months or years) is performed, i.e. becomes a time-varying system. The
variations in temperature can be pointed out as the main cause for the aforesaid behavior change due
to the nonlinear temperature-sti�ness relationships of structural materials. If not properly accounted
for, changes in the dynamics response characteristics caused by normal variability e�ects can poten-
tially result in false indications of damage.

Nowadays the most used approaches to account for those normal changes are based on the
application of data-driven models. When applied in a supervised learning mode (i.e. data from both
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Figure 1 – Outlier analysis over testing set for environmental variation experiment (adapted from [1]).
The threshold is usually de�ned on some con�dence level over the training data set, which in this case
is the portion of data under constant temperature.

undamaged and damaged conditions are available) and coupled with analytical models or data ob-
tained from the structure when known types and levels of damage are present, the statistical proce-
dures can, in theory, be used to determine the type of damage and the extent of damage. For cases when
the damaged condition cannot be directly measured, �nite element model updating approaches [77]
can provide an estimate of the structural behavior when damage is present, as well as the location and
associated sti�ness reduction (extent). However, these approaches are typically limited to cases where
the structure can be modelled as a linear system before and after damage. Also, these procedures do
not usually identify the type of damage present, but instead just assume that the damage produces a
local reduction in sti�ness at the element level. On the other hand, in the case of rotating machinery,
large databases can be obtained from nominally identical pieces of equipment that have been run to
some threshold condition level or, in extreme case, to failure where the type and extent of damage are
assessed through some type of equipment autopsy.

Alternativelly, when applied in an unsupervised learning fashion, statistical models can typi-
cally be used to answer questions regarding the existence and location of damage. As an example, if a
damage-sensitive feature extracted from measured system response data exceeds some predetermined
threshold, one can conclude that damage has occurred. Unsupervised machine learning algorithms
have demonstrated e�ective capabilities to assess the normal in�uences of operational and environ-
mental variability on damage-sensitive features [78, 39, 8, 79, 80, 81]. The existing works for intelligent
damage detection are mainly restricted to the range of linear applications, which means that those can
only be applied to structures subjected to linear operational and environmental variations. A main
reason is related to the assumptions made in those statistical modelling approaches that are not ful-
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�lled by the collected data (e.g., assumptions of data normality and dimensionality) due to changes in
structural response caused by those normal changes. In other cases the number of input parameters
requiring tuning are prohibitive for real-world deployment, and strongly depend on the type of struc-
ture and variability e�ects changing the boundary conditions, requiring a high level of expertise and
knowledge of the structure’s dynamics to decide which method is the most suitable for the type of
application. Pushed by the need of robust unsupervised methods for damage detection, the �rst mo-
tivation of this thesis is to eschew the measure of operational and environmental variations and the
development of physics-based models such as the ones based on the �nite element method. For this,
the techniques must be embeded with capabilities to identify damage even in the presence of non-
linear operational and environmental variations from the time-response data condition only, which
makes imperative to explore non-conventional data acquisition and feature extraction approaches.

In that same sense, a more recent prospect in terms of data acquisition, processing and analy-
sis for SHM applications is the use of digital cameras for non-contact monitoring. They signi�cantly
increase the potential number of measuring points and at the same pace decrease installation and main-
tenance requirements for short- and long-term monitoring. A noticeable advantage of these methods
is that high-resolution mode shapes can be obtained in a relatively e�cient manner. These methods
typically require speckle pattern or high-contrast markers to be placed on the surface of structures
for deformation computation, which raises the need of surface preparation and target installation, es-
pecially when the measurement area is large or inaccessible. As shown in Figure 2, those approaches
explore the non-contact characteristic of digital cameras to simply acquire vibration or displacement
data for targets that, in many cases, are inaccessible.

Despite several existing vision-based techniques have successfully been applied for measuring
structural vibration displacements of the experimental and in-�eld structures, several limitations still
exist. As most of the existing methods require to attach physical targets on the surface of the struc-
ture, it makes the system setup time consuming and even practically impossible for the inaccessible
locations of real large scale structures, i.e. long-span bridges and high rise buildings. Also full-�eld and
high-resolution modal identi�cation turns out to be nearly impossible, as one single arti�cial target,
in general, refers to one single measuring point. Moreover, physical targets and template matching al-
gorithm have been extensively used to extract vibration displacements, which is also computationally
expensive, and thus unfeasible for real-time monitoring applications.

However, the main missing point in all of those strategies is the temporal content associated
to each pixel time-series intensity. As the usual vision-based monitoring approaches process the video
data in a frame-by-frame basis, existing temporal correlations of the pixel variations to the structural
vibration are lost or underprocessed. Consider each pixel as a potential motion detector sensor (or
micro vibrometers) can drastically increase the spatial resolution of video-based modal analysis. First,
temporal correlations are considered, then spatial correlations can be inferred. The end e�ect is a very
high-resolution spatio-temporal segmentation carried out to extract modal frequencies and full-�eld
mode shapes from line of sight video measurements of the structure. Notably, the full-�eld measure-
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Figure 2 – Conventional setup for video-based applications. This work�ow is based on camera- to
world-coordinates transformation to facilitate displacement computation. Template matching algo-
rithms are used to estimate the translated location of the target in successive video frames, from which
displacements are calculated and later used for modal identi�cation. Ironically, one of the main issues
with these non-contact approaches is the need for direct access to the monitored structure for surface
preparation and, in many cases, the positioning of high-contrast speckle markers. As those points are
tracked over-time for displacement computation, full-�eld modal analysis is hardly achieved, although
multi-point tracking is still possible.

ments are a result of the huge number of available pixels in current digital imagers. Therefore, the
second motivation of this thesis is to explore the development of very e�cient and high-resolution
video-based modal decomposition approaches capable of disentangling local structural vibration from
the video measurement only at the pixel-level, instead of the conventional frame-level processing based
on target tracking.

1.3 Objectives

The main goals of this thesis are (1) the development of machine learning algorithms to data
normalization purposes and feature extraction, capable to detect the structural damage on its early
stages even in the presence of unmeasured operational and environmental variability; and (2) propose
alternative output-only video-based techniques to extract full-�eld high-resolution modal properties
without using arti�cial targets nor structure surface preparation, for feature extraction and modal
analysis. These methods are rooted in the context of the SPR paradigm, more precisely, covering the
data acquisition, feature extraction and statistical modelling phases. To ful�ll these goals, the objectives
of this thesis are listed and described below:

1. Develop unsupervised algorithms from the machine learning �eld as data normalization ap-
proaches, combining them with statistical distance metrics as a means of detecting structural
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damage and relatively assessing the severity of damage (Chapter 2 and Chapter 3);

2. Propose alternative a feature extraction method that works over pre-processed data sets with aim
to enhance the damage detection performance of conventional statistical modelling techniques
(Chapter 4)

3. Develop novel output-only video-based approaches for modal analysis that that can be imple-
mented in a relatively e�cient and autonomous manner with small user supervision (Chapter
5, Chapter 6 and Chapter 7);

4. Test the ability of the proposed vision-based approaches to decompose complicated phenom-
enas captured with imagers into fundamental components. In this case, we are interested in
applications related to wave decomposition (Chapter 6).

5. Propose the �rst approach to data for vision-based modal analysis for time-of-�ight imagers,
allowing unique 3D modal analysis (Chapter 7);

1.4 Contributions

Figure 3 summarizes the main contributions and advancements of this thesis, as well the pub-
lished works derived from these achievements. More details and other contributions obtained along
this thesis are discussed in their respective chapter.

Contribution 1. A novel cluster-based algorithm for unsupervised damage detection from monitored
vibration data is proposed. This technique uses an hierarchical clustering strategy to create multiple
hyperspheres that in�ates over a possible data cluster until the boundary of the cluster. From this pro-
cedure the name “Agglomerative concentric hypersphere (ACH)” was given. As for most cluster-based
strategies, this one also provides some degree of interpretation over the resulting model, as each clus-
ter can be assigned to a given structural state condition. The key improvements are the no need for
any user-de�ned parameter for an easy to implement unsupervised clustering procedure that could be
used in real-time monitoring and even embeded into wireless sensing units. Chapter 3 is devoted to
describe the whole approach as well as to present comparison results with other cluster-based algo-
rithms for damage detection.

Contribution 2. An unsupervised data normalization approach for damage detection applications
based on nonlinear PCA (NLPCA) is proposed. Here, an eight-layer stacked autoencoder is developed
to hierarchically decompose the input structural responses (in this case, natural frequencies) into its
independent environmental factors with the goal of learning the most salient features of the input data
and then increase the damage detection performance when compared to other PCA-based approaches
developed for the same goal. Our model, named “Deep principal component analysis (DPCA)”, is
similar to the traditional NLPCA [82] in the sense that both aims to learn an identity mapping oper-
ation between the input and output of the model, as it decomposes the data into its principal compo-
nents in the bottleneck layer. In our case, the main di�erence residing in the two-stage training scheme
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Figure 3 – This work�ow shows the main objectives and contributions alongside the respective pub-
lished works. Some of the objectives derived a few others, which are highlighted with dotted boxes.
Each objective is directly or indirectly linked to the general SPR paradigm. Journal papers are speci-
�ed as (J) and book chapter as (B).

adopted from current deep learning models for vibration-based analysis, which signi�cantly improves
the identi�ed nonlinear model in terms of learned features and damage detection performance. Com-
plete details, experimental results in real-world monitoring data sets along with comparison with state-
of-the-art approaches for damage detection are provided in Chapter 4.

Contribution 3. A deep learning-based feature extraction technique is proposed for improving the
damage sensitivity of modal parameters. This work is a consequence of the results achieved in the Con-
tribution 2. The principal component space derived by the stacked autoencoders are deeply studied
and compared to the other PCA-based approaches. It is shown that in this new space the damaged data
can be linearly separated when using the proposed technique, which allows one to use the mapped data
as input for further damage classi�cation methods. The main improvements and progresses achieved
are shown in Chapter 5.
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Contribution 4. A vision-based output-only technique for modal analysis on the basis of nonneg-
ative matrix factorization (NMF) and blind source separation (BSS) is proposed. This technique is
capable to producing full-�eld mode shapes, estimate modal frequencies and modal coordinates with
very small user supervision in a complete unsupervised and output-only manner. Later, it is possible
to reconstruct and visualize independent vibration modes. Compared to another full-�eld procedure
for video-based modal analysis, our is approach disregards the explicit computation of phase-based
displacements as well as it replaces the PCA step for dimensionality reduction by the NMF, which
is capable to perform both dimensionality reduction and disentangle motion characteristics (hardly
achieved when considering PCA). A complete description of the proposed technique is provided in
Chapter 6, as well as comparative results with accelerometer data and a state-of-the-art video-based
approach.

Contribution 5. Decomposition of complicated data into fundamental components to facilitate data
interpretation has long a cornerstone of engineering analysis. By disentangling complex phenomena
into interpretable parts it is often possible to performmore sensitive analysis and anomaly detection.
This work develops a technique based on the NMF to decompose video measurements of multiple
travelling waves into components consisting of the individual travelling waves, in a process analogous
to the traditional modal decomposition. The main goal of this work is to pave the way for future
works and applications of full-�eld vision-based modal analysis in a variety of engineering problems,
such as clandestine tunnel detection and characterization, non-destructive evaluation, and planetary
seismology. Currently vision-based approaches in those areas are inexistent or incipient. Details are
provided in Chapter 7.

Contribution 6. A technique for 3D modal analysis on dynamic point cloud data was developed for
extremelly high-resolution vibration identi�cation. The actual resolution of this technique is directly
related to the number of points one can achieve from point clouds, nowadays approaching the order
of millions. With the last generation Microsoft Azure Kinects equiped with time-of-�ight sensors, by
the �rst time ever, it is possible to a reasonably sampling frequency acquire high-resolution dynamic
point clouds. This work proposes the �rst technique to date for 3D modal identi�cation using virtual
Lagrangian sensors and blind source separation. Vibration mode shapes and modal coordinates are
extracted in an autonomous manner by creating a mesh of virtual sensors attached to the structure’s
point cloud from which motion time-series are used as input for the BSS algorithm. Experimental
results are performed over a laboratory aluminium plate from which bending and torsional modes are
estimated. Accelerometer data is also used for comparison purposes. This technique represents the �rt
advance towards exploring the full advantages of using dynamic point cloud data for practical mon-
itoring applications with the potential to be extended for a wide range of 3D motion decomposition
problems. Complete details are provided in Chapter 8.
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1.5 List of Publications

In the time frame of this thesis, 15 journal papers (J), 7 conference works (C) and 1 book chap-
ter (B) were either published, accepted or under review. These works also include the collaboration
with other researchers and international groups. The works are divided into the ones used in the thesis
(marked as T) and the ones from collaborations and parallel researches (marked as P). Next, the list
of publications (ordered by year) is introduced along with the current status of each work.

Journal Papers

[J1-T] Moisés Silva; Eloi Figueiredo; João Costa; David Mascarenas. Spatio-Temporal Decomposition
of 2D Travelling Waves from Video Measurements. Mechanical Systems and Signal Processing,
2020, Published, DOI: 10.1016/j.ymssp.2019.106599

[J2-T] Moisés Silva; Bridget Martinez; Eloi Figueiredo; João Costa; Yongchao Yang; David Mascare-
nas. Nonnegative matrix factorization-based blind source separation for full-�eld and high-
resolution modal identi�cation from video. Sound and Vibration, 2020, Published,
DOI: 10.1016/j.jsv.2020.115586

[J3-T] Moisés Silva; Andre Green; John Morales; Peter Meyerhofer; Bridget Martinez; Yongchao Yang;
Eloi Figueiredo; David Mascarenas. 3D Structural Vibration Identi�cation from Dynamic Point
Clouds. Sound and Vibration, 2020, Under review

[J4-T] Moisés Silva; Adam Santos; Reginaldo Santos; Eloi Figueiredo; Claudomiro Sales; João Costa.
Damage-sensitive feature extraction with stacked autoencoders for unsupervised damage detec-
tion. Structural Control and Health Monitoring, 2020, Under review

[J5-P] Hweekwon Jung; Andre Green; John Morales; Moisés Silva; Bridget Martinez; Yongchao Yang;
Gyuhae Park; Jarrod Mcclean; David Mascarenas. A holistic cyber-physical security protocol
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1.6 Organization of this Thesis

We organized this thesis as a compilation of works published (or submitted for publication)
in international scienti�c journals and venues in the area of Structural Health Monitoring, Signal
Processing, Vibration Analysis and Intelligent Systems. In summary, the results directly related to
this thesis are published in three international journals with other three manuscripts submitted for
publishing, also in international journals.

Chapter 2 summarizes the SPR paradigm for SHM and introduces some relevant works for
each one of the SPR phases. Chapter 3 presents the proposed cluster-based technique for damage
detection, which requires no prior knowledge of the structure’s physical characteristics, not require
any user-de�ned parameters, and can be implemented in a complete unsupervised fashion. Chapter 4
and Chapter 5 present a stacked autoencoder model for unsupervised damage detection and feature
extraction, respectively, which demonstrate better results in terms of Type I and Type II errors when
detecting damage on benchmark monitoring data sets. Chapter 6 and Chapter 7 present a full-
�eld vision-based technique for output-only modal analysis with application on laboratory structures
to decomposing vibration modes in lab-scale structures and for simulated and experimental video
measurements of travelling waves, while Chapter 8 presents an adapted version of these approaches
for 3D modal identi�cation using dynamic point cloud data collected from a time-of-�ight imager.
Finally, Chapter 9 presents conclusions, �nal remarks, and next steps.

Chapters 6, 7 and 8 have media material supporting the results. External links for reposito-
ries are provided in the respective chapters as needed.

Some chapters have digital media material associated. The �les are freely available on GitHub by the following link
http://bit.ly/37PmNp2

http://bit.ly/37PmNp2
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CHAPTER2
Statistical Pattern Recognition for

Structural Health Monitoring

“Equipped with his five senses, man explores the universe around him and
calls the adventure Science”

— Edwin Powell Hubble, American astronomer (1889–1953)

“Being brilliant is not enough, young man. You have to work hard.
Intelligence is not a privilege, it’s a gift, and you use it for the good of
mankind”

— Doctor Otto Octavius, Fictional character

The SHM research community agree that all approaches to SHM can be seen in the context of a
pattern recognition problem, which aims to provide not only reasonable answers for all possible

inputs, but also infer explanation and formalization of the relationships deriving that answers. Thus,
the SPR paradigm for the development of SHM applications is usually described as a four phase pro-
cess, as illustrated in Figure 4 [2, 13]. These phases are brie�y described below, giving more attention
to the second, third and fourth phases, which are the focuses of this work. This chapter is intended
to intoduce key concepts and de�nitions of SHM in the context of the SPR, thus the main works
related to each SPR phase are addressed. To better help the understanding of the followed chapters,
the traditional formulations of statistical modeling and damage detection algorithms are presented.
As an extensive review of the SHM literature and damage detection algorithms is not intended, the
reader is referred to [83, 84, 85, 13, 86] for further information.

2.1 Damage Identification Hierarchy

The application of SHM systems should be as detailed as possible to describe the abnormal
impact on the structural system. In a broad sense, developments on this area can be broken down
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Figure 4 – Flowchart of SPR paradigm for SHM [2].

into damage detection, diagnosis, and prognosis. Nonetheless, damage diagnosis can be subdivided
into location, type, and severity. Thus, as depicted in Figure 5, the hierarchical structure of damage
identi�cation can be decomposed in �ve levels [87], which answer the following questions:

1. Is the damage present in the system (detection)?

2. Where is the damage (localization)?

3. What kind of damage is present (type)?

4. What is the extent of damage (severity)?

5. How much useful lifetime remains (prognosis)?

These steps are conventionally addressed in a sequential manner, for instance, the answer to
the severity of damage can be made with a priori knowledge of the type of damage. Note that damage
prognosis at step �ve can not be accomplished without an understanding of the damage accumulation
process. Further discussion on the concept of damage prognosis, one should see [88]. Even though
the damage identi�cation hierarchy is composed of �ve levels, this thesis is mainly positioned in the
strategies to adddress the �rst level (damage detection) and, at some extent, the fourth level through
damage quanti�cation.

There are arguably two main approaches to perform SHM: physics- and data-based. The
physics-based, also known as law-based and inverse approach, require the the development of a be-
havioural model of the structure, usually a �nite element model. This is achieved by calibrating these
numerical models to identify damage by relating the measured data from the structures to the esti-
mated data from the models. Damage detection is possible by comparing data from the acquisiton



Chapter 2. Statistical Pattern Recognition for Structural Health Monitoring 19

Detection

Localization

Type

Severity

Prognosis

Diagnosis

Level 5

Level 4

Level 3

Level 2

Level 1

Figure 5 – Hierarchical structure of damage identi�cation [2].

system with those predicted by the structures’ model. In the case of observed deviations from the nor-
mal condition this model can be updated to indicate the location and extent of the structural damage
(damage diagnosis). The problem remains in the ill-conditioned and non-unique solutions one can
achieve from these models, due to measurement and modelling errors. Moreover, the building of a
structure model that truly re�ects its behaviour can be very expensive since it could require months.
Alternatively, the data-based approach is rooted in the machine learning �eld, where algorithms are
essential to learn (or to model) the structural behavior from the experience (or past monitoring data),
following the same principle of the human brain, and to perform pattern recognition for damage iden-
ti�cation. However, it is quite known that only levels one, two and �ve of the damage identi�cation
structure can be well addressed by machine learning techniques, and can only be confortably applied
for scenarios where the input data not require interpolation [89].

2.2 Operational Evaluation

The main goal of operational evaluation phase it provide answers to four questions regarding
the implementation of a monitoring system:

1. What is the life-safety and/or economic justi�cation for performing the structural health mon-
itoring?

2. How is damage de�ned for the system being investigated and, for multiple damage possibilities,
which cases are of the most concern?
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3. What are the conditions, both operational and environmental, under which the system to be
monitored functions?

4. What are the limitations on acquiring data in the operational environment?

In that regard, operational evaluation seeks to set the boundaries and limitations on the kind
of monitored parameters, aiming to determine how the monitoring will be accomplished. It enables
to reduce time and cost e�orts during posterior phases, allowing to determine the appropriate features
to be extracted from the system being monitored and attempts to exploit unique features of the dam-
age that is to be detected. Otherwise, later phases would be carried out without any reliability in the
monitoring system designed.

The challenges imposed in this phase can be summarized into the following:

• Most important high-capital-expenditure engineering structures are one-of-a-kind in the sense
that is still di�cult to use past experiences of similat monitoring campaings to de�ne and an-
ticipate the type of damage one should expect, since the in�uences of the physical environment
where these structures are built still not fully understood;

• As the structure degrades, the acquisition systems are also degraded due to their normal use in
real environments. In most cases, corrosion, fatigue cracking, freeze-thaw/thermal damage, loss
of pre-stressing forces, vibration induced connectivity degradation are the main causes, requir-
ing repairs from time to time;

• Up to the present moment there still no widely accepted procedure to demonstrate the rate
of return of investment in the monitoring systems in practical terms, reducing their practical
implementations on long-term.

2.3 Data Acquisition

Mainly focused on the sensing technology, the data acquisition portion of the SHM process
involves selecting the excitation methods, the sensor types, number and locations, as well as the data ac-
quisition/storage/transmittal hardware. This portion of the process is ofter application-speci�c. Eco-
nomic factors play the major role during acquisition of the hardware to be used for the SHM system.
The sensor sensitivity to low level excitation, the data interrogation procedures, as well as the interval
at which data should collected are other issues that must be addressed. For example, in applications
where life-safety is a critical e�ort, such as earthquake monitoring, it may be prudent to collect data
immediately before and at periodic intervals after a large event. On the other hand, if identify slightly
changes in sti�ness and geometric properties is the main concern, then it may be necessary to collect
data almost continuously at relatively short time intervals once some critical crack has been identi�ed.
The kind of strategy is highly dependent on the questions addressed during operational evaluation.
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All these contents can a�ect more or less directly the readings collected, regarding the presence and
location of damage.

A crucial premise regarding sensing and data acquisition is that these systems do not measure
damage. Rather, they measure the response of a structure to its operational and environmental condi-
tions or the response to inputs from actuators embedded with the sensing system. Depending on the
sensing technology and the type of damage to be identi�ed, the sensor readings may be more or less
directly correlated to the presence and location of damage. Data interrogation procedures (feature
extraction and statistical modeling for feature classi�cation) are necessary components of an SHM
system. They convert the sensor data into information about the structural condition. Moreover, to
achieve successful SHM, the data acquisition systems have to be developed in conjunction with these
procedures.

Several new sensing technologies or new applications of conventional methods have been pro-
posed recently for SHM applications [90, 91, 92, 93, 94]. Among these approaches, optical sensing,
laser and vision-based sensors are the most proeminent. Advances and cost reductions in optical de-
vices have stimulated the interest in optical �ber sensors applied to measure physical and mechanical
parameters, mainly because of potential applications in several �elds but also due to their long lifespan,
inherent robustness to electromagnetic interefence and suitability to embed into the structure mate-
rial [95, 96]. One of the most common is touse �ber Bragg grating (FBG) and/or long period grating
(LPG) with optical time-domain re�ectometers (OTDR) [97, 98]. Fernandes et al. [91] proposed a
core diameter mismatch sensor structure for curvature and vibration sensing with high sensitivity per-
formance attested on laboratory environment. Gong et al [99] proposed a multi-point strain measure-
ment system based on OTDR and FBG. Other approaches perform the interrogation of Fabry–Perot
sensors [100, 101] and also conjugate solutions using Fabry-Perot and FBGs have emerged [102]. Long-
gauge and distributed �ber optic sensors have been demonstrated for SHM applications and stands
up as relevant alternatives [103]. Although these relevant applications, the main concern with most
optical systems resides in the bugetary costs associated with their implementations and maintenance,
as well as the amount of cables needed for deployment can be prohibitive in some cases.

The main competitors to the optical sensing technology are the ones based on wireless sen-
sor networks (WSN) [104]. Composed of small sensor units communicating among themselves using
radio, this technology have been tested for applications ranging from the railway industry [105], to
machine vibration monitoring [106] and aerospace [107]. Zrelli et al. [108] introduced a WSN system
for tunnel health monitoring and applied a damage localization approach that could be extended for
other types of engineering structures. Other single antenna sensing approaches [109] and sensor se-
lection techniques [110] have been proposed for SHM applications, with some special focus on bridge
monitoring [111]. Similarly to the �ber sensing approaches, the WSN ones also have substantial costs
associated to their implementation and maintenance, as their energy sources must be constantly re-
placed.

Most recent strategies for data acquisiton are the ones based on video measurements [56, 112,



Chapter 2. Statistical Pattern Recognition for Structural Health Monitoring 22

113, 114, 115]. The bugetary demands of monitoring a structure with hundreds or thousands of phys-
ically attached sensors are cost prohibitive, although this spatial resolution is critical for numerous
mode shape-based damage identi�cation methods [49, 48]. Moreover, non-contact approaches are
preferable for scenarios where the monitored structure is located at inaccessible areas or when full-
�eld measurements are required. Full-�eld optical techniques are appreciated as deformation, stress
and strain measuring. The main question is how to justify the capital investment and other costs to
change the current and well established sensing technologies to the ones based in full-�eld analysis.
There are many good reasons to seriously consider this transition. Schimidt et al. [53, 116] cite a few
reasons: (i) single-point sensing approaches cannot show strain or displacement gradients, and could
miss important physical changes in the structure properties (this is particularly the case with non-
homogeneous and anisotropic materials); (ii) �nal results of optical measurements are compatible
with �nite element analysis, and facilitate veri�cation and iteration of models; (iii) compelling return
on investment justi�cation provided by reduction on the number of laboratory trials and prototypes
of novel hardware and software technologies, quicker time to market, and improved product quality
at lower cost; (iv) new avenues of investigation can be open as certain types of measurements are now
feasible. In this sense, undoubtly, the main representative techniques for full-�eld structural analysis
are based on video. Recently, digital cameras combined with image processing algorithms have been
extensively developed and applied for a wide range of SHM applications [117, 118, 71, 119, 120]. For in-
stance, Chen et al. [76] proposed motion magni�cation technique based on steerable pyramids for
visualizing exaggerated versions of small displacements with an extension of the methodology to ob-
tain the optical �ow to measure displacements, with followed adaptations for 3D measurements [121].
Approaches such as target-based tracking [71] and reference-free [122] are now in place as the most
promising ones for real-time applications.

Although all recent and past e�orts to overcome limitations in the sensing technologies, chal-
lenges of the data acquisiton phase remain and they are listed below:

• The number of sensors to physically monitor structures is still limited by the high costs associ-
ated. Although vision-based strategies can be employed, in several cases their use is not su�cient
or even impossible (e.g., detection of damages in the structure material);

• Ruggedness of sensors. Sensing systems must last for many years with minimal maintenance.
The existence of harsh environments (e.g., thermal, mechanical, moisture, radiation, and cor-
rosion) compromises the sensor durability;

• Sensitivity of those sensors to measure very small dynamic changes must increase for reliable
SHM. For rigid structures, a large number of sensor types using the most varied technologies
fail to capture these diminute changes in the structure;

• The sensing systems must be developed integrally with the feature selection and extraction as
well as feature classi�cation, since the perfomance of the whole system strongly depends on
which type of damage detection approach better �ts the type of acquired data.
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2.4 Damage-sensitive Feature Extraction

The part of the SHM process that has demanded high research e�orts is the identi�cation
of data features that allows one to distinguish between undamaged and damaged states of the mon-
itored structure [123, 124]. During the condition monitoring of a structure, there is often multiple
sensors mounted at di�erent locations, acquiring varied types of physical parameters. From this col-
lected raw data, features with sensitivity to damage are extracted to support the structural condition
evaluation. More speci�cally, a damage-sensitive feature is some quantity extracted from the structural
response data that is correlated with the presence of damage in a structure (e.g., modal parameters,
maximum displacements, regression model parameters and residual errors) [123, 124]. An adequate
damage-sensitive feature varies consistently in accordance with the level of damage in the structure.
However, in most real-world applications, the features directly extracted from the raw data are often
correlated with multiple sources of operational and environmental variability (e.g., tra�c, temper-
ature, moisture and wind speed), which increase uncertainty in the damage detection as it can mask
damage-related changes in the features as well as alter the correlation between their magnitude and the
damage level [24]. Besides, there is no universal type of feature or physical variable appropriate for all
damage scenarios. Thus, the type of feature varies with the type of structure to be monitored and the
type of damage to be found. These facts suggest the usage of several techniques to extract alternative
features in order to reduce uncertainty and increase the likelihood of damage detection.

This data transformation process is often described as a key step to ensure the reliability of
SHM systems, as it directly a�ects the e�ectiveness and accuracy of the damage detection. At this
point, it is important to highlight that feature extraction is also coupled to data compression [125].
Operational implementations and diagnostic measurement technologies needed for SHM very often
produce more data than traditional uses of structural dynamics information, which is why data com-
pression is mandatory in this step, mainly when envisioning to use di�erent types of feature sets over
the lifetime of the structure. The dilema lies in developing robust techniques for data reduction that at
same time are capable to retain feature sensitivity to the structural changes of interest in the presence
of environmental and operational variability. This balance between compression and damage sensitivy
is not a trivial task, justifying the continuous research e�orts in this direction [126, 127].

2.4.1 Domains for Data Transformation and Feature Extraction

Many di�erent techniques from alternative domains have been used for data transformation
and feature extraction for SHM applications [128]. There is a wide range of features used in current
SHM applications from very diverse �elds of study (e.g., from econometrics to physical parameters),
from which is possible to establish a tanoxomy of the feature extraction techniques in SHM (Figure
6). The most common approaches usually fall into one of the following domains [129]:

1. Time-domain features: mostly regarded to time-series processing. Common techniques use the
coe�cients of auto-regressive (AR) models and auto-regressive moving-average (ARMA) mod-
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els as input features [130]. Although providing stable results, they work for slightly damped
systems and require a signi�cant number of time domain samples;

2. Frequency-domain features: conventionally related to the Fourier transform. Frequency com-
ponents are estimated from raw data in order to decompose and analyze their spectral content
[131]. In this domain, the modal properties [42, 43, 44, 45, 132, 39] are vibration parameters (e.g.,
natural frequencies, mode shapes, modal curvature, and �exibility matrix) as features for dam-
age detection, as they provide global on-site automated continuous monitoring due to their
inherent physical properties (sti�ness and mass);

3. Time-frequency domain features: often represented by approaches based on the short-time
Fourier transform (STFT), providing an e�ective characterization of time-frequency patterns
of nonstationary signals;

4. Wavelet-based features: used to achieve a reasonable trade-o� between frequency and time reso-
lution with multiple choices of basis functions available. Conventionally performed using dis-
crete Wavelet transform (DWT) and Wavelet packet transform (WPT). They can be very e�ec-
tive features when modeled to match speci�c characteristics of the structure being monitored;

5. Empirical mode decomposition (EMD) features: performed by advanced signal processing al-
gorithms, they are built to adaptively model time-frequency characteristics of nonstationary
and/or nonlinear structural systems. Their end result is usually the decomposition of the input
raw data into intrinsic mode functions (IMF).

2.4.1.1 Statistical-based Techniques: Information Theory

To further aid in the extraction and recording of quality data needed to perform SHM, the
statistical signi�cance of the features should be characterized and used in the condensation process.
The �eld of information theory and biometrics provide numerous approaches to examine and create
features through the analysis of the fundamental relationships among the varied types of collected data
[133]. These statistical-based techniques have been widely exploited for system identi�cation applica-
tions [134, 129, 135]. These features commonly express uncertainties in random variables in terms of
how much signi�cance or representativeness the input data o�ers to the system. The most important
information measures of this category are:

1. Information entropy: also known as Shannon entropy, it is a measure of the uncertainty asso-
ciated with random variables. In SHM, its most common use is for model updating or model
order selection. However, its use as input features has started to attract global attention;

2. Kullback-Leibler divergence: used to measure the di�erence between probability density func-
tions of random processes. It has also been used to evaluate the relationships of collected raw
data;
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Figure 6 – Taxonomy of feature extraction methods for SHM [3].

3. Mutual information: quanti�es common dependencies between processes, and similarly to the
Leibler Divergence, can be extended to evaluate shared information between random variables;

4. Transfer entropy: explores the concept of generalized synchronization and information trans-
fer. Traditionally, it has been used for synchronized mechanical systems. When mechanical com-
ponents desynchronize, this information can be measured in terms of the amount of transferred
information.

2.4.2 Feature Selection

Although the feature extraction is intended to reduce data redundancy, the extracted features
are often poluted by redudant information and noise. They may aggravate the computation cost, and
even result in the curse of dimensionality. To alleviate this problem, feature selection methods have
been employed over the damage-sensitive features [136, 137, 138] collected from the undamaged condi-
tion, and are divided into three categories:

1. Filter-based methods[139, 140, 141, 142]: directly pre-process extracted features and are indepen-
dent of the type of the feature classi�er. This process should be performed before the training
of the classi�cation procedure, aims at selecting a subset of the features and often deals with
some measure of information;
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2. Wrapper-based methods[143, 144]: alternatively to the �lter-based ones, the focus is on the in-
teraction of the selected subset of features with the feature classi�cation algorithm. These tech-
niques usually evaluate the performance of the damage classi�cation step to better choose the
subset of features. This case is more often applied when data from the damaged condition is
available;

3. Embedding methods[145, 146]: the feature selection is integrated into the training of the classi-
�er through some regularization term on the objective functions. This allows to automatically
select the features once the training of the classi�er is done, and also reduce the chances of an
over�tted model.

2.4.3 Levels of Feature Extraction

Feature extraction techniques can also be categorized in terms of depth of the extracted fea-
tures [147, 148, 149]. As feature extraction can be described as a process of feature fusion, it is possible
to follow the conventional fusion operation level [147, 133] to divide the techniques into three levels:

1. Data-level fusion: performed on the collected raw data by integrating multisensor signals, com-
prising a �rst-level set of extracted features. Most features fall into this category;

2. Feature-level fusion: the process is performed on the �rst-level features by compressing them
into a reduced set of derived variables; these second-level features retain the essential informa-
tion of the original subset of features with less data;

3. Decision-level fusion: intrinsically related to the feature classi�cation stage, the results of mul-
tiple classi�ers are combined through majority voting approaches and used to perform further
analysis. The output is not a new set of features, but some useful pattern.

The majority of the SHM studies for damage detection have been focused on the �rst-level
feature extraction by identifying the dynamic properties of a monitored structure to relate the changes
in the vibration characteristics to the damage occurrence [150, 78, 151, 152, 80]. Even though the �rst-
level features have popular use in intelligent fault diagnosis, they still have de�ciencies: (i) the extracted
features are hand-crafted built from time-domain signals and heavily depended on much prior knowl-
edge and diagnostic expertise; (ii) those features compose very complex information under high in�u-
ence of normal variability e�ects, which becomes di�cult the proper discrimination of damaged and
undamaged conditions by machine learning algorithms; (iii) as the amount of data increases, more
complex information must be learned, which enlarges the number of coe�cients of the learned model
to correctly perform feature classi�cation and to identify the damage occurrence [45]. Nowadays, the
most popular ones are based on autoencoders and restricted Boltzman machines directly applied over
the raw time-response data [153, 154, 155, 156]. The main advantage resides on the automatic feature ex-
traction performed by those networks, avoiding the need for manual identi�cation of the correct set
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of features for each speci�c SHM application. The disavantages are the lost of feature interpretability
as the extracted data has no physical or statistical meaning. Moreover, those techniques have only been
tested in laboratory environments with data from the damaged condition being used for training (i.e.,
supervised applications).

Emphasizing that each feature extraction level can be applied for speci�c scenarios and dif-
ferent goals, the feature-level fusion is potentially more e�ective than the alternative one, because the
�rst-level features contain richer information about the structural condition, it already has some level
of data compression and often presents physical interpretation. For these reasons, second-level feature
extraction techniques have been applied for monitoring scenarios where data from damaged condi-
tions are available [157, 158]. However, technical and organizational issues have limited their applica-
tion by structure managers in practice. Some reasons can be pointed out to the lack of a framework
or guideline to perform damage identi�cation, which results in no universally accepted feature ex-
traction approach. For this second-level feature extraction case, it is possible to infer that their main
representative techniques are the ones based on machine intelligence. More speci�cally using genera-
tive models, which model how the data was generated to perform categorization. Therefore, the ones
based on neural networks have been the most widely employed in SHM applications [159, 81, 160],
although alternative propositions have been presented on the basis of kernel PCA [161].

Finally, the decision-level extraction is related to a broad area known as distributed detection
systems, and is the process of selecting one (or more) hypothesis from a wide and varied set of solu-
tions in the presence of noise, intereference and bias [162]. The result of this process creates a single
decision from multiple hypothesis. In biometrics, decision-level fusion typically assumes two possible
hypotheses, imposter and genuine, which may or may not be identical. This is often used when devel-
oping ensemble and bagging methods for damage classi�cation [163, 164, 165, 166] with some unusual
applications for data augmentation [167, 168]. In these works, a statistical performance method is of-
ten developed to support decision in terms of false acceptance rate and false rejection rate. A weighted
sum of these two errors is a common objective function, providing the developer of the monitoring
system with the �exibility to emphasize one error more than the other.

2.4.4 Present Challenges for Feature Extraction Methods

It is common sense that any structural plan for a monitoring system aims to implement the
simplest type of feature to distinguish between the undamaged and damaged conditions. However,
although the huge amount of works in this direction there are a couple of persistent challenges for
feature selection and extraction, as described below:

• Feature selection is still almost exclusively based on the expert judgement, with no common and
practical method for choosing the most adequate technique for the speci�c goals of the SHM
system;
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• Quantifying the features’ sensitivity to damage is a very poorly addressed topic in the literature
of SHM. The most acceptable manner relies on verifying the perfomance rate of the damage
detection when use di�erent types of feature. This approach is heavily depedent on the type of
technique one is using for feature classi�cation;

• Quantifying how the feature changes according to the level of damage is intrinsically related
to the previous item, the current methods are directly tied to the type of algorithm is used for
feature classi�cation;

• Understand and quantify how the feature varies with changing operational and environmental
conditions is one of the biggest barriers to in situ deployment of SHM systems. It may be the
case one needs to use some information about the sources of environmental and operational
variability to correlate with the features amplitude. A second possibility is to merge data-driven
and physics-based methods, at least during the system iden�tication and modelling phase.

2.5 Statistical Modeling for Feature Classification

Undoubtedly, the portion of the SHM process with least attention in the technical literature
is concerned to the development of statistical models for discrimination between features from the
undamaged and damaged structures. Statistical modeling for feature classi�cation is concerned with
the implementation of algorithms that analyze the distributions of the extracted features in an e�ort to
determine the structural condition at a given period of time. The functional relationship between the
selected features and the damage state of the structure is often di�cult to de�ne based on physics-based
engineering analysis procedures. Therefore, the statistical models are derived using machine learning
techniques. These algorithms usually fall into three categories: (i) group classi�cation, (ii) regression
analysis, and (iii) outlier or novelty detection. The appropriate algorithm to use depends on the ability
to perform supervised or unsupervised learning.

In the context of SHM applications, supervised learning is referred to the case where exam-
ples of data from damaged and undamaged conditions are available; group classi�cation and regression
analysis are often used for this purpose. In this case, the most recent and proeminent approaches are
the ones based on deep neural networks (DNN). According to Lei et al. [169] the �rst results on the
topic of DNN-based diagnosis data from 2010, while the number of publications has dramatically
increased since 2015. This increasing has been mainly motivated by the growing number of works on
Internet of Things [170, 171]. After Hinton [172] used a greedy layer-wise pre-training strategy to train
deep belief networks, convolutional networks have also provided to several breakthroughs in the ma-
chine learning community, leading e�orts to apply these concepts for intelligent structural assessment
[173, 174, 175, 176]. In these approaches, the DNN helps automatically learn damage-sensitive features
from the collected data instead of the explicity feature extraction. They attempt to provide end-to-end
diagnosis models when handling increasingly-grown data, as the models can directly connect the raw
monitoring data to their corresponding health states. Abdeljaber et al. [177] successfully developed a
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1D convolutional neural network (CNN) to classify vibration data acquired from accelerometers, and
also demonstrated an e�ective approach to localize the damage position. This work motivated other
implementations of CNN to process structural responses [178, 155, 160], although most approaches
have focused on processing video imagery [179, 156]. The vast majority of deep learning (DL) applica-
tions on SHM are based on the supervised learning paradigm, limiting their applicability for scenarios
where damaged data are not available.

On the other hand, unsupervised learning arises when only data from the undamaged struc-
ture are available for training, where outlier or novelty detection methods are the primary class of al-
gorithms used in this situation. However, for high capital expenditure infrastructures, such as civil
ones, the unsupervised learning are often required because only data from the undamaged condi-
tion are available. Several output-only methods have been reported in the literature related to the
data normalization procedure and damage detection [169]. However, in this study, only unsupervised
methods based on the Mahalanobis Squared Distance (MSD) [180, 142], Gaussian Mixture Models
(GMM)[181], Principal Component Analysis (PCA) [182, 183], Auto-associative Neural Networks
(AANN) [184, 185], and kernel PCA (KPCA) [8, 186, 187, 188] algorithms are considered, because
they are the basis for the understanding of the novel methods proposed in next chapters. In the SHM
context, these algorithms are designed and developed in such a way that their performance is improved
based on the analysis of normal condition data, i.e, they learn from data acquired under operational
and environmental conditions and when the structure is supposed to be undamaged.

Basically, these output-only methods develop a functional relationship that models how chang-
ing operational and environmental conditions in�uence the underlying distribution of the damage-
sensitive features [13, 189]. When subsequent features are analyzed with these methods and a new set
of features are shown not to �t into an appropriate distribution, they might be more con�dently clas-
si�ed as outliers or, potentially, features from a damaged structure, because the operational and envi-
ronmental in�uences have been incorporated into the learning procedure.

2.5.1 Conventional Statistical Modeling and Damage Detection Algo-

rithms

Although the methods have di�erent underlying mathematical formulations, they are imple-
mented in a common sequence of steps. First, each algorithm is trained and its parameters are adjusted
using features extracted from the normal condition. Second, in the test phase, the methods (with ex-
ception of the MSD- and GMM-based ones) transform each new input feature vector into an output
residual vector of the same dimension.

In SHM, for general purposes, the training matrix X ∈ R𝑛×𝑚 is composed of𝑛 observations
under operational and environmental variability when the structure is undamaged, where 𝑚 is the
number of features per observation obtained during the feature extraction phase. The test matrix Z ∈
R𝑣×𝑚 is de�ned as a set of 𝑡 observations collected during the undamaged/damaged conditions of the
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structure. Note that an observation represents a feature vector encoding the structural condition at a
given time, and a data cluster represents a set of feature vectors corresponding to a global normal and
stable state condition of the structural system. In follow, some of the most relevant machine learning
algorithms for statistical modeling and damage classi�cation are brie�y described.

2.5.1.1 Linear principal component analysis

An output-only technique that has been applied for eliminating environmental in�uences
on features is linear principal component analysis. This multivariate statistical procedure aims to es-
timate a linear static relationship between the extracted features and the unknown normal in�uences
by reducing the dimensionality of the original input data through a linear projection onto a lower
dimensional space. This linear map allows one to remove the normal variations in terms of retained
components. In the SHM �eld, PCA has been used for several purposes (feature selection, feature
cleansing and visualization). Herein, PCA is used as a data normalization method.

Assuming the training data matrix X decomposed in the form of [190]

X = TU𝑇 =
𝑚∑︁

𝑖=1
t𝑖u𝑇

𝑖 , (2.1)

where T is called the scores matrix and U is a set of 𝑚 orthogonal vectors, u𝑖, also called the load-
ings matrix. The orthogonal vectors can be obtained by decomposing the covariance matrix of X in
the form of Σ = UΛU𝑇 , where Λ is a diagonal matrix containing the ranked eigenvalues 𝜆𝑖, and U
is the matrix containing the corresponding eigenvectors. The eigenvectors associated with the higher
eigenvalues are the principal components of the data matrix and they correspond to the dimensions
that have the largest variability in the data. Basically, this method permits one to perform an orthog-
onal transformation by retaining only the principal components 𝑑 (≤ 𝑚), also know as the number
of factors. Precisely, choosing only the �rst 𝑑 eigenvectors, the �nal matrix can be rewritten without
signi�cant loss of information in the form of

X = T𝑑U𝑇
𝑑 + E =

𝑑∑︁
𝑖=1

t𝑖u𝑇
𝑖 + E, (2.2)

where E is the residual matrix resulting by the 𝑑 factors. The coe�cients of the linear transformation
are such that if the feature transformation is applied to the data set and then reversed, there will be a
negligible di�erence between the original and reconstructed data.

In the context of data normalization, the PCA algorithm can be summarized as follows: the
loadings matrix is obtained from X, the test matrix Z is mapped onto the feature spaceR𝑑 and reversed
back to the original spaceR𝑚, the residual matrix E is computed as the di�erence between the original
and the reconstructed test matrix

E = Z − (ZU𝑑) U𝑑, (2.3)
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and �nally in order to establish a quantitative measure of damage, the structural health condition is
discriminated by generating a damage indicator (DI) and classifying through a threshold. For the 𝑙
feature vector (𝑙 = 1, 2, ..., 𝑣), a DI is adopted in the form of the squared root of the sum-of-square
errors (Euclidean norm):

DI(𝑙) = ‖ 𝑒𝑙 ‖ . (2.4)

If 𝑙 feature vector is related to the undamaged condition, 𝑧𝑙 ≈ 𝑧𝑙 and𝐷𝐼 ≈ 0. On the other
hand, if the feature vector comes from the damaged condition, the residual errors increase, and the DI
deviates from zero, thereby indicating an abnormal condition in the structure.

Therefore, the classi�cation is performed using a linear threshold for a certain level of signif-
icance. In this work, the threshold is de�ned for 95% of con�dence on the DIs taking into account
only the baseline data used in the training process. Thus, if the approach has learned the baseline
condition, then it is statistically guaranteed approximately 5% of misclassi�cations in the DIs derived
from undamaged observations not used for training.

2.5.1.2 Auto-associative neural network

The AANN is trained to characterize the underlying dependency of the extracted features
on the unobserved operational and environmental factors by treating that unobserved dependency
as hidden intrinsic variables in the network architecture. The AANN architecture consists of three
hidden layers: the mapping layer, the bottleneck layer, and de-mapping layer.

While PCA is restricted to mapping only linear correlations among variables, AANN can
reveal the nonlinear correlations present in the data. If nonlinear correlations exist among variables
in the original data, the AANN can reproduce the original data with greater accuracy and/or with
fewer factors than PCA. This NLPCA can be achieved by training a feed-forward neural network to
perform the identity mapping, where the network outputs are simply the reproduction of network
inputs. Thus, this architecture is a special case of autoencoder (Figure 7).

In the context of data normalization for SHM, the AANN [4, 191, 192] is �rst trained to learn
the correlations between features from the training matrix X. Then, the network should be able to
quantify the unmeasured sources of variability that in�uence the structural response. This variability
is represented at the bottleneck output, where the number of nodes (or factors) should correspond to
the number of unobserved independent factors (e.g., wind speed, temperature, loading) that in�uence
the structural response. Second, for the test matrix Z, the residual matrix E is given by

E = Z − Ẑ, (2.5)

where Ẑ corresponds to the estimated feature vectors that are the output of the network. The DIs are
calculated using the Equation (2.4) on the residuals from E. The threshold is de�ned in accordance to
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Figure 7 – Schematic representation of an AANN [4].

described in Section 2.5.1.2.

2.5.1.3 Kernel principal component analysis

An improved approach to perform NLPCA is based on kernel PCA. Proposed by Reyn-
ders [8] for eliminating environmental and operational in�uences from damage-sensitive features, this
technique has demonstrated ability to learn more slight nonlinear dependencies than the AANN.

The main intuition behind this method is related to the realization of the linear PCA in some
high dimensional feature space ℱ . Since ℱ is nonlinear in relation to input space, the contour lines
of constant projections onto the principal eigenvector become nonlinear in input space. Crucial to
KPCA is the fact that there is no need to carry out the map into ℱ . All necessary computations are
carried out by the use of a kernel function𝑄 in the input space. Figure 8 compares the space projection
on the linear PCA and KPCA.

The radial bases function (RBF) [193] is the most common kernel function used to nonlinear
mapping. This kernel maps examples into a higher dimensional space so it can handle the case when
the relation between class labels and attributes is nonlinear. The RBF kernel can be expressed by [194]

𝑄(x𝑖, x𝑦) = exp (−𝛾 ‖ x𝑖 − x𝑗 ‖2), 𝛾 > 0, (2.6)

where 𝛾 is a kernel parameter that controls the bandwidth of the inner product matrix𝑄. An optimal
value of 𝛾 can be estimated by requiring that the corresponding inner product matrix is maximally
informative as measured by Shannon’s information entropy. The detailed steps to estimate the optimal
value of 𝛾 can be found in [8].

In the context of SHM, the input training matrix X is mapped by𝜑: X → ℱ to a high dimen-
sional feature space ℱ . The linear PCA is applied on the mapped data 𝒯Φ = {𝜑(x1), ..., 𝜑(x𝑛)}. The
computation of the principal components and the projection on these components can be expressed
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Figure 8 – The basic idea behind KPCA [5].

in terms of dot products, thus the RBF kernel function can be employed. The KPCA trains the kernel
data projection

U = 𝐴𝑇𝑄(x) + 𝑏, (2.7)

where 𝐴 is the projection matrix, 𝑏 is the bias vector and 𝑄(x) is the kernel function centered in the
training vectors. The kernel mean squared reconstruction error, which must be minimized, is de�ned
such that

𝜀𝐾𝑀𝑆(𝐴, 𝑏) = 1
𝑛

𝑛∑︁
𝑖=1

‖ 𝜑(x𝑖) − 𝜑(x𝑖) ‖2, (2.8)

where the reconstructed vector 𝜑(x) is given as a linear combination of the mapped data 𝒯Φ

𝜑(x) =
𝑛∑︁

𝑖=1
𝛽𝑖𝜑(x𝑖), 𝛽 = 𝐴(u𝑖 − 𝑏). (2.9)

In contrast to the linear PCA, the explicit projection from the feature space ℱ to the input
space usually does not exist [195].

For the test matrix Z, the residual matrix E is given by

E = 𝜑(Z) − 𝜑(Z), (2.10)

where𝜑(Z) corresponds to the high dimensional feature vectors and𝜑(Z) their corresponding recon-
struction after linear PCA. The DIs are calculated using the Equation (2.4) on the residuals from E.
The threshold is de�ned in accordance to described in Section 2.5.1.2.



Chapter 2. Statistical Pattern Recognition for Structural Health Monitoring 34

2.5.1.4 Mahalanobis squared-distance

Another well-known method for performing data normalization without any information
regarding the environmental and operational in�uences is based on the Mahalanobis squared-distance
(MSD) [196, 2, 142]. The Mahalanobis distance di�ers from the Euclidean distance because it takes
into account the correlation between the variables and it does not depend on the scale of the features.
However, this model assumes that data follows a unique multivariate Gaussian distribution, i.e., the
data can be modeled by only one Gaussian cluster.

Considering the training data matrix X, a mean feature vector 𝜇 and covariance matrix Σ are
estimated. In the context of data normalization, the mean vector and covariance matrix should encode
all normal variations represented by the baseline data. Thus, for a test data z𝑙, the MSD is used as a
standard outlier analysis procedure, providing DIs by [197]

DI(𝑙) = (z𝑙 − 𝜇) Σ−1 (z𝑙 − 𝜇)𝑇 . (2.11)

The main assumption is that if a test feature vector is obtained from data collected on the
damaged system that includes operational and environmental variability, similar to those from train-
ing data, this vector will be further from the mean feature vectors corresponding to the undamaged
condition as quanti�ed by the MSD. The classi�cation and threshold de�nition are realized in accor-
dance to described in Section 2.5.1.2.

2.5.1.5 Gaussian mixture models

To overcome the limitations imposed by MSD, Gaussian mixture models are usually em-
ployed. This algorithm carries out a model-based clustering, using multivariate �nite mixture models,
that aims to capture the main clusters (or components) of features that correspond to the normal and
stable state conditions of a structure under operational and environmental conditions. Compared to
MSD, the GMM assumes that the data can be modeled by a set of multivariate Gaussian distributions,
allowing to learn nonlinear relationships (Figure 9).
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Figure 9 – Comparison between MSD (left) and GMM (right) models [6].
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Therefore, a �nite mixture model, 𝑝 (x|Θ), is the weighted sum of 𝐾 > 1 components
𝑝 (x|𝜃𝑘) in R𝑚,[198]

𝑝 (x|Θ) =
𝐾∑︁

𝑘=1
𝛼𝑘𝑝 (x|𝜃𝑘) , (2.12)

where 𝛼𝑘 corresponds to the weight of each component. These weights are positive 𝛼𝑘 > 0 with∑︀𝐾
𝑘=1 𝛼𝑘 = 1. For a GMM, each component 𝑝 (x|𝜃𝑘) is represented as a Gaussian distribution,

𝑝 (x|𝜃𝑘) =
exp

{︁
−1

2 (x − 𝜇𝑘)𝑇 Σ−1
𝑘 (x − 𝜇𝑘)

}︁
(2𝜋)𝑚/2

√︁
det (Σ𝑘)

, (2.13)

being each component denoted by the parameters, 𝜃𝑘 = {𝜇𝑘,Σ𝑘}, composed of the mean vector,
𝜇𝑘 and the covariance matrix, Σ𝑘. Thus, a GMM is completely speci�ed by the set of parameters
Θ = {𝛼1, 𝛼2, . . . , 𝛼𝐾 ,𝜃1,𝜃2, . . . ,𝜃𝐾}.

The EM algorithm is the most widespread local search method used to estimate the param-
eters of the GMMs [199, 198]. This method consists of an expectation step and a maximization step
which are alternately applied until the log-likelihood (LogL), log 𝑝 (X|Θ) = log∏︀𝑛

𝑖=1 𝑝 (x𝑖|Θ),
converges to a local optimum [199]. The performance of the EM algorithm depends directly on the
choice of the initial parameters Θ, which may implies many replications of this method during an
execution [200]. To select the best GMM by means of goodness-of-�t and parsimony, the Bayesian
information criterion (BIC) is used and minimized,[201]

BIC = −2 log 𝑝 (X|Θ) +
{︂
𝐾𝑚

[︂(︂
𝑚+ 1

2

)︂
+ 1

]︂
+𝐾 − 1

}︂
log (𝑛) . (2.14)

Similar to Akaike information criterion (AIC), BIC uses the optimal LogL function value
and penalizes for more complex models, i.e., models with additional parameters. The penalty term of
BIC is a function of the training data size, and so it is often more severe than AIC.

For the damage detection process, and for each observation z𝑙, one needs to estimate𝐾 DIs.
Basically, for each component 𝑘 discovered during training phase

DI𝑘(𝑙) = (z𝑙 − 𝜇𝑘) Σ−1
𝑘 (z𝑙 − 𝜇𝑘)𝑇 , (2.15)

where 𝜇𝑘 and Σ𝑘 represent the parameters from all the observations of the𝑘-th component, when the
structure is undamaged even though under varying operational and environmental conditions. Note
that, each component is related to a speci�c source of variability (e.g., tra�c loading, wind speed, tem-
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perature and boundary conditions), which allows to provide physical meanings for each component.
Finally, for each observation, the DI is given by the smallest DI estimated on each component

DI(𝑙) = min (DI1,DI2, · · · ,DI𝐾) . (2.16)

Thus, it is expected that if the algorithm has learned the baseline condition, i.e., the identi�ed
components suitably represent the undamaged and normal condition under all possible operational
and environmental conditions, for a de�ned threshold, the approach should outputs less than 5% of
false-positive alarms for undamaged data from test matrix. Additionally, the threshold is de�ned as
described in Section 2.5.1.2.
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CHAPTER3
Agglomerative Concentric Hypersphere

Clustering Applied to Structural Damage
Detection

“We must know, we will know”
— David Hilbert (1862–1943) , Famous German mathematician

as response to the quote “ignoramus et ignorabimus”

“You can see a mountain as one of two ways: as an insurmountable barrier or
as manner to grow further”

— Unknown

Abstract

The present paper proposes a novel cluster-based method, named as agglomerative concentric hyper-
sphere (ACH), to detect structural damage in engineering structures. Continuous structural moni-
toring systems often require unsupervised approaches to automatically infer the health condition of
a structure. However, when a structure is under linear and nonlinear e�ects caused by environmental
and operational variability, data normalization procedures are also required to overcome these e�ects.
The proposed approach aims, through a straightforward clustering procedure, to discover automat-
ically the optimal number of clusters, representing the main state conditions of a structural system.
Three initialization procedures are introduced to evaluate the impact of deterministic and stochas-
tic initializations on the performance of this approach. The ACH is compared to state-of-the-art ap-
proaches, based on Gaussian mixture models and Mahalanobis squared distance, on standard data sets
from a post-tensioned bridge located in Switzerland: the Z-24 Bridge. The proposed approach demon-
strates more e�ciency in modeling the normal condition of the structure and its corresponding main
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clusters. Furthermore, it reveals a better classi�cation performance than the alternative ones in terms
of false-positive and false-negative indications of damage, demonstrating a promising applicability in
real-world structural health monitoring scenarios.

3.1 Introduction

In the last few decades, the continuous structural condition assessment has demanded strong re-
search e�orts to support the management of structures during their lifetime. In particular, for the

civil engineering infrastructure [14], the bridge management systems (BMSs) and structural health
monitoring (SHM) have been used to cover the most relevant activities concerning the bridge man-
agement process. The BMS is a visual inspection-based decision-support tool developed to analyze
engineering and economic factors and to assist the authorities in determining how and when to make
decisions regarding maintenance, repair and rehabilitation of structures [202, 15]. On the other hand,
the SHM traditionally refers to the process of implementing monitoring systems to measure structural
responses in real-time and to identify anomalies and/or damage at early stages [125].

Even with the inherent limitation imposed by the visual inspections, the BMS has already
been accepted by structural managers around the world [203, 204, 205]. At the same time, SHM is
becoming increasingly attractive due to its potential ability to detect damage, contributing positively
to life-safety and economical issues [1]. It can be also integrated into the BMS in a systematic way [39].
Posed in the context of a statistical pattern recognition (SPR) paradigm, the SHM is described as a
four-phase process [19]: (1) operational evaluation, (2) data acquisition, (3) feature extraction, and (4)
statistical modeling for feature classi�cation.

The feature extraction phase estimates damage-sensitive features, from the raw data, which are
potentially correlated to the level of damage present in the monitored structure. Nevertheless, when
one deals with real-world monitoring scenarios, the in�uence of operational and environmental ef-
fects may cause changes in the magnitude of features as well as alter their correlation with the level of
damage. Generally, the more sensitive a feature is to damage, the more sensitive it is to changes in the
operational and environmental conditions (e.g. temperature, wind speed and tra�c loading) [206].
Therefore, robust feature extraction methods and data normalization procedures are required to over-
come this problem. The data normalization is the process of separating changes in damage-sensitive
features caused by damage from those caused by varying operational and environmental conditions
[207, 21]. These in�uences on the structural response have been cited as one of the major challenges
for the transition of SHM technology from research to practice [20, 208, 209, 210]. Although the data
normalization occurs in almost all phases (except the �rst one) of the SPR paradigm, the focus of this
study is on the fourth phase, which is concerned with implementation of algorithms to analyze and
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learn the distributions of the extracted features, aiming to distinguish between the undamaged and
damaged structural state conditions [23].

Some studies in literature have established the concept of automatically discovering and char-
acterizing the normal condition of structures as clusters [39, 6]. In those studies, the damage detection
strategy is carried out as an outlier detection approach based on machine learning algorithms and dis-
tance metrics, allowing one to track the outlier formation in relation to time. One important note is
related to the output-only nature of those approaches, implying the accomplishment of data normal-
ization without any information about the operational or environmental parameters.

Highlighting the fact that in most engineering infrastructure only data from undamaged (or
normal) condition is available on the training phase, the unsupervised learning algorithms are often
required for data normalization purposes [211], i.e. training is carried out using only data from the nor-
mal structural condition. In this context, cluster-based algorithms are attractive due to their ability to
discover groups of similar observations related to the same structural state at a given period of time.
This unsupervised implementation permits one to detect damage formation regarding the chosen
main groups of states [212, 213, 214]. Although numerous traditional unsupervised machine learning
algorithms have been reported [4, 35, 215, 24], herein the approaches based on Mahalanobis Squared
Distance (MSD) and Gaussian Mixture Model (GMM) are relevant, due to their cluster-based perfor-
mance, operating in a set of stable and undamaged state conditions [39, 6].

In this paper, a straightforward and nonparametric method based on agglomerative cluster-
ing and in�ated hyperspheres is proposed to learn the normal condition of structures. The proposed
method does not require any input parameter, except the training data matrix. Two deterministic ini-
tialization procedures rooted on eigenvectors/eigenvalues decomposition and uniform data sampling
are presented. Furthermore, a random initialization is also introduced. These mechanisms pave the
way for a novel Agglomerative Concentric Hypersphere (ACH) algorithm that discovers an appro-
priate number of clusters using a density-based approach.

The classi�cation performance is investigated on the basis of Type I/Type II errors (false-
positive and false-negative indications of damage, respectively) trade-o� through application on two
data sets from the Z-24 Bridge, located in Switzerland. The remainder of this paper is organized as fol-
lows. In Section 3.2, a review of the most traditional machine learning and cluster-based approaches
for structural damage detection is introduced. The clustering constraints and initialization procedures
related to the ACH algorithm are presented in Section 3.3. Section 3.4 is devoted to describe the data
sets used as damage-sensitive features from the Z-24 Bridge. Section 3.5 describes the experimental re-
sults and carries out comparisons and discussions. This study concludes in Section 3.6 with a summary
and the main conclusions.
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3.2 Related Work

Traditionally, in most civil applications, the damage detection process is carried out using
physics-based methods and parametric approaches. However, in complex engineering structures, those
methods may not be practical due to the level of expertise and time required to their development
[197, 216]. On the other hand, nonparametric approaches rooted in the machine learning �eld, espe-
cially cluster-based ones, have become an alternative, as they are very useful to �nd hidden patterns
from monitoring data and are computationally e�cient [87, 16]. Herein, machine learning-based ap-
proaches addressing damage assessment are discussed; moreover, the most relevant cluster-based meth-
ods and their adaptation to damage detection in SHM are also considered.

3.2.1 Machine Learning Approaches for Damage Detection

Principal component analysis (PCA) is a common method to perform data normalization
and feature classi�cation without measurements of the sources of variability. Yan et al. [217] presented
a PCA-based approach to model linear environmental and operational in�uences using only undam-
aged features. The number of principal components from extracted features is implicitly assumed to
correspond to the number of independent factors related to the normal variations. A further extension
of this method was presented in [218]. In this case, a local extension of PCA is used to learn nonlin-
ear relationships by applying a local piecewise PCA in some regions of the feature space. Although
both approaches demonstrated adequate damage detection performance, the use of PCA imposes
several limitations in practical SHM solutions, such as: only linear transformations can be performed
through the orthogonal components; the larger the variance of a principal component, the greater its
importance (in some cases this assumption is incorrect); and scale variant [219].

To overcome the limitations of PCA and detect damage in structures under changing environ-
mental and operational conditions, an output-only vibration-based damage detection approach was
proposed by Deraemaeker et al. [220]. Two types of feature extraction methods based on an automated
stochastic subspace identi�cation and the Fourier transform were used as damage sensitive-features.
In this case, the data normalization and damage detection were carried out by factor analysis (FA) and
statistical process control, respectively. The results demonstrated that when the FA is applied to deal
with normal variations, both type of features provided reliable damage classi�cation performances.
However, this approach has been tested only using numerical models, which does not ensure its per-
formance in real monitoring scenarios. Besides, the FA is only capable to learn linear in�uences as
linear PCA.

Auto-associative neural network (AANN) is a nonlinear version of PCA intended to per-
form feature extraction, dimensionality reduction, and damage detection from multivariate data. As
demonstrated by Kramer [82], the AANN is capable to perform, intrinsically, a nonlinear PCA (NLPCA),
as it characterizes the underlying dependency of the identi�ed features on the unobserved operational
and environmental factors. Worden [197] developed a novelty detection technique by applying an
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AANN to learn the normal condition of structures. Once the model is trained, the residual error
tends to increase when damaged cases are presented. A later study [24] applied the AANN to model
nonlinearities in a laboratory structure under simulated e�ects of variability. In this study, the AANN
was not able to model, properly, the normal condition, which was veri�ed in terms of Type I/II errors.
Zhou et al. [221] proposed a new damage index to avoid the occurrence of several errors. However, the
results of this approach strongly depend on the type of damage-sensitive features.

The aforementioned drawbacks lead the research e�orts to kernel-based machine learning
algorithms, which have been widely used in the SHM �eld. Approaches based on support vector
machines (SVM) have demonstrated high reliability and sensitivity to damage. A supervised SVM
method to detect damage in structures with a limited number of sensors was proposed in [222]. Khoa
et al. [223] proposed an unsupervised adaptation to dimensionality reduction and damage detection
in bridges. Santos et al. [224] carried out a comparison study on kernel-based methods. The results
demonstrated that those SVM-based approaches have been outperformed by kernel PCA (KPCA), in
terms of removing environmental and operational e�ects and damage classi�cation performance.

KPCA is an alternative approach to perform NLPCA. The kernel-trick allows the mapping of
feature vectors to high dimensional spaces, which provides nonlinear strengths to linear PCA. Cheng
et al. [225] applied the KPCA to detect damage on concrete dams subjected to normal variations. Sim-
ilarly, novelty detection methods were proposed in [226, 161] by applying the KPCA as a data normal-
ization procedure. In these approaches, the problems related to the choice of suitable damage index
and estimation of some parameters were addressed. However, the issues related to the choice of an op-
timal kernel bandwidth and the number of retained components were not fully addressed. Reynders
et al. [227] developed an alternative approach to eliminate the environmental and operational in�u-
ences in terms of retained components, and presented a complete scheme to solve the previous issues.
However, this approach is not able to completely remove the normal e�ects, as it deals only with a
fraction of the environmental and operational e�ects.

3.2.2 Cluster-based Approaches for Damage Detection

Over the years, the approaches based on MSD have been widely used in real-world monitor-
ing campaigns due to its ability to identify outliers [23, 228, 180]. The MSD-based approach assumes
that the normal condition can be modeled by a unique cluster from a multivariate Gaussian distribu-
tion. In this context, an abnormal condition is considered as a statistical deviation from the normal
pattern learned during the training phase as a mean vector and a covariance matrix, allowing one to
infer whether the data were generated by a source not related to the normal condition. However, as
noticed in [39], when nonlinearities are present in the observations, the MSD fails in modeling the
normal condition of a structure because it assumes the baseline data as a unique multivariate Gaus-
sian distribution.

A two-step damage detection strategy based on GMMs was developed in [39, 6, 229] and ap-
plied to long-term monitoring of bridges. In the �rst step, the GMM-based approach models the main
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clusters that correspond to the normal and stable set of undamaged state conditions, even when nor-
mal variations a�ect the structural response. To learn the parameters of the GMMs, the classical maxi-
mum likelihood estimation based on the expectation-maximization (EM) algorithm is adopted in [39].
This approach applies an expectation step and a maximization step until the log-likelihood converges
to a local optimum. However, the convergence to the global optimum is not guaranteed [230].

To overcome the limitations imposed by EM, in [6] the parameter estimation was carried out
using a Bayesian approach based on Markov-chain Monte Carlo method. In [229], a genetic-based
approach was employed to drive the EM searching towards the global optimum. In these approaches,
as long as the parameters have been learned, a second step was performed to detect damage on the basis
of a MSD outlier formation considering the chosen main clusters.

Silva et al. [213] proposed a fuzzy clustering approach to detect damage in an unsupervised
manner. PCA and auto-regressive moving average methods were used for data reduction and feature
extraction purposes. The normal condition was modeled by two di�erent fuzzy clustering algorithms:
fuzzy c-means clustering and Gustafson-Kessel (GK) algorithms. The results demonstrated that the
GK algorithm outperformed the alternative one with a better generalization performance. However,
the damage quanti�cation was not properly assessed and both approaches produced a signi�cant num-
ber of false-negative indications of damage.

3.3 Agglomerative Clustering

Agglomerative clustering is part of a hierarchical clustering strategy which treats each object
as a single cluster, and iteratively merges (or agglomerates) subsets of disjoint groups, until some stop
criterion is reached (e.g. number of clusters equal to one) [231, 232, 233]. These bottom-up algorithms
create suboptimal clustering solutions, which are typically visualized in the form of a dendrogram
representing the level of similarity between two adjacent clusters, allowing to rebuild step-by-step the
resulting merging process. Any desired number of clusters can be obtained by cutting the dendrogram
properly.

The common �ow chart of an agglomerative clustering procedure is summarized in Figure 10.
Initially, each observation is de�ned as a centroid. Then, a similarity matrix composed of the distances
between each cluster is computed to determine which clusters can be merged. Usually, this agglomera-
tive process is repeated until only one cluster remains. As described in [234], when the cluster diameter
is small, the corresponding data group is de�ned more precisely as this group is composed by few mem-
bers strongly correlated. The fundamental assumption is that small clusters are more coherent than
large ones [234, 235].

The ACH algorithm is an agglomerative cluster-based algorithm, working in the feature space,
composed of two main steps: (1) o�-line initialization and (2) bottom-up clustering procedure. De-
pending on the type of initialization mechanism, the algorithm becomes completely deterministic or
random. The initialization has a direct in�uence on the algorithm performance. Hereafter, all clusters
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Figure 10 – Flow chart of agglomerative hierarchical clustering.

are merged through an agglomerative clustering procedure. These two steps allow, automatically, the
discover of the number of clusters, without the estimation of any parameter.

In SHM, for general purposes, the training matrix X ∈ R𝑛×𝑚 is composed of 𝑛 observa-
tions from the undamaged structure under operational and environmental variability, where 𝑚 is
the number of features per observation obtained during the feature extraction phase. The test matrix
Z ∈ R𝑡×𝑚 is de�ned as a set of 𝑡 observations collected during the undamaged/damaged conditions of
the structure. Note that an observation represents a feature vector encoding the structural condition
at a given time, and a data cluster represents a set of feature vectors corresponding to a normal and
stable state condition of the structural system. In the following, all constraints related to initialization
and clustering procedures are described.
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3.3.1 Agglomerative Concentric Hypersphere Clustering

In this section, an unsupervised cluster-based algorithm which does not assume any under-
lying distribution and has no input parameter is fully described. This algorithm works in an iterative
manner on a set of centroids, by evaluating the boundary regions that limit each cluster through in-
�ation of a concentric hypersphere. This process is divided into three main phases:

(i) Centroid displacement. For each cluster, its centroid is dislocated to the position with higher
observation density, i.e., the mean of its observations.

(ii) Linear inflation of concentric hyperspheres. Linear in�ation occurs on each centroid by progres-
sively increasing an initial hypersphere radius,

𝑅0 = log10

(︁
‖𝐶𝑖 − 𝑥𝑚𝑎𝑥‖2 + 1

)︁
, (3.1)

where𝐶𝑖 is the centroid of the 𝑖-th cluster, used as a pivot, and 𝑥𝑚𝑎𝑥 is its farthest observation,
such that ‖𝐶𝑖 − 𝑥𝑚𝑎𝑥‖2 is the radius of the cluster centered in 𝐶𝑖. The radius of the cluster
grows up in the form of an arithmetic progression (AP) with common di�erence equal to𝑅0.
The increasing of the hypersphere is set by a criterion based on positive variation of the obser-
vation density between two consecutive in�ations, de�ned as the inverse of variance; otherwise
the process is stopped.

(iii) Cluster merging. If there is more than one centroid inside the in�ated hypersphere, they are
merged to create an unique representative centroid positioned at the mean of the chosen cen-
troids. On the other hand, if only the pivot centroid is within the in�ated hypersphere, this
centroid is assumed to be on the geometric center of a cluster, thus the merging is not per-
formed.

For completeness, Figure 11 presents an example of the ACH algorithm applied to a three-
cluster scenario with a �ve-centroid initial solution. First, in Figure 11a, the centroids are moved to the
center of their clusters, as indicated in the �rst phase. In Figure 11b and Figure 11c, two centroids are
merged to form one cluster, as they are within the same in�ated hypersphere. On the other hand, in
Figure 11d only the pivot centroid is located in the center of a cluster, therefore the ACH algorithm
does not perform the merging process. In the case where the merging occurs, all centroids analyzed
before are evaluated again to infer if the new one is not poorly positioned in another cluster or closer
to a boundary region.

The Algorithm 1 summarizes the proposed algorithm. Initially, it identi�es the observations
belonging to each cluster and moves the centroids to the mean of their observations. Then, a hyper-
sphere is built on the pivot centroid and it is in�ated until the observation density decreases. Finally,
the centroids within a hypersphere are merged, by replacing these centroids by only one centroid po-
sitioned at the mean of them. The process is repeated until one convergence criterion be satis�ed, i.e.
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Figure 11 – ACH algorithm using linear in�ation running in a three-cluster scenario.

there is no centroid merging after the evaluation of all centroids or the �nal solution is composed by
only one centroid.

Note that, the main goal of the clustering step is to maximize the observation density related
to each cluster. In other words, locating the positions with maximum observation concentration, also
known as mass center, in such manner that when a hypersphere starts to in�ate its radius, it reaches
the decision boundaries of the cluster. This process is also described by maximizing the cost function

max
𝐾∑︁

𝑘=1

⎛⎝ ∑︁
𝑥𝑖∈𝐶𝑘

‖𝑥𝑖 − 𝐶𝑘‖2

𝑁𝑘

⎞⎠−1

,

s.t. 𝑛 =
𝐾∑︁

𝑘=1
𝑁𝑘,

1 ≤ 𝑁𝑘 ≤ 𝑛,

(3.2)

where 𝐶𝑘 is the 𝑘-th centroid, 𝑥𝑖 is the 𝑖-th observation assigned to the 𝑘-th cluster, and 𝑁𝑘 is the
number of observations in the cluster 𝑘. The clustering procedure naturally carries out the optimiza-
tion of the cost function by means of density evaluation, thus its direct computation is not necessary.
The convergence is guaranteed by gradual decreasing of the observation density as the hypersphere
keeps in�ating. More theoretical details and complexity analysis are provided in Appendix A and B,



Chapter 3. Agglomerative Concentric Hypersphere Clustering Applied to Structural Damage Detection 46

1 calcIndexes(C,X)
2 while not cover all elements of C do
3 move(C,X)
4 𝑐𝑝𝑖𝑣𝑜 = nextCenter(C)
5 𝑟𝑎𝑑𝑖𝑢𝑠𝑖𝑛𝑖𝑡 = calcRadius(𝑐𝑝𝑖𝑣𝑜,X)
6 𝑟𝑎𝑑𝑖𝑢𝑠, 𝑑𝑒𝑛𝑠𝑖𝑡𝑦0, 𝑑𝑒𝑛𝑠𝑖𝑡𝑦1, 𝑑𝑒𝑙𝑡𝑎0, 𝑑𝑒𝑙𝑡𝑎1 = 0
7 repeat
8 𝑟𝑎𝑑𝑖𝑢𝑠 = 𝑟𝑎𝑑𝑖𝑢𝑠+ 𝑟𝑎𝑑𝑖𝑢𝑠𝑖𝑛𝑖𝑡

9 H = calcHypersphere(C, 𝑐𝑝𝑖𝑣𝑜,X, 𝑟𝑎𝑑𝑖𝑢𝑠)
10 𝑑𝑒𝑛𝑠𝑖𝑡𝑦0 = 𝑑𝑒𝑛𝑠𝑖𝑡𝑦1
11 𝑑𝑒𝑛𝑠𝑖𝑡𝑦1 = calcDensity(H)
12 𝑑𝑒𝑙𝑡𝑎0 = 𝑑𝑒𝑙𝑡𝑎1
13 𝑑𝑒𝑙𝑡𝑎1 = |𝑑𝑒𝑛𝑠𝑖𝑡𝑦0 − 𝑑𝑒𝑛𝑠𝑖𝑡𝑦1|
14 until (𝑑𝑒𝑙𝑡𝑎0 > 𝑑𝑒𝑙𝑡𝑎1);
15 reduce(C,H)
16 if merging occurred then
17 calcIndexes(C,X)
18 end if
19 end while

Algorithm 1: Summary of the ACH Algorithm.

respectively.

3.3.2 Initialization procedures

Three procedures can be employed to choose the initial centroids, depending on the appli-
cation. The random initialization is performed by choosing 𝑝 < 𝑛 distinct observations from the
training matrix as initial centroids. This is quite similar to the initialization procedure often used in
the K-means algorithm [236].

To accomplish a deterministic clustering, two nonstochastic initializations are presented as
well. The �rst one performs an eigenvector decomposition to create as many centroids as the number
of observations in the training set, through a divisive procedure, quite similar to the one described in
[237]. Primarily, the mean value of all data points is divided in other two points generated by

𝑦𝑛𝑒𝑤 = 𝑦 ± 𝑈𝑖

√︃
2𝑇𝑖,𝑖

𝜋
, (3.3)

where𝑈𝑖 and𝑇𝑖,𝑖 are the most signi�cant eigenvector and eigenvalue, respectively, and𝑦 is the point be-
ing divided. Each new point is divided in other two points in opposite directions placed around dense
regions of the feature space. The process is repeated until the number of points is equal to 𝑝; then they
are used as initial centroids. At the end of this divisive procedure, each point has moved towards the re-
gions of higher concentration of observations, bene�ting posterior clustering approaches. The second
nonstochastic initialization divides the training matrix uniformly and chooses equally spaced obser-
vations as the initial centroids. The gap between each chosen observation is a factor of the number of
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training observations, usually equal to ⌈𝑛/𝑝⌉. The selected observations are used as initial centroids.
The parameter 𝑝, in all cases, can be equal to ⌈𝑛/2⌉.

3.3.3 Structural Damage Classification

After the de�nition of the optimal number of clusters embedded in the training data, the
damage detection process is carried out through a global damage indicator (DI) estimated for each
test observation. The DIs are generated through a method known as distributed DIs [6]. Basically, for
a given test feature vector, 𝑧𝑖, the Euclidean distance for all centroids is calculated, where the DI(𝑖) is
considered the smallest distance,

DI(𝑖) = min (‖𝑧𝑖 − 𝐶1‖ , ‖𝑧𝑖 − 𝐶2‖ , . . . , ‖𝑧𝑖 − 𝐶𝐾‖) , (3.4)

where 𝐶1, 𝐶2, ..., 𝐶𝐾 are the centroids of 𝐾 di�erent clusters. Then, a linear threshold correspond-
ing to a certain percentage of con�dence over the training data must be determined. In this study, the
threshold is de�ned for 95% con�dence on the DIs taking into account only the baseline data used in
the training process. Thus, if the ACH has learned the baseline condition, i.e., the identi�ed clusters
suitably represent the undamaged condition under all possible operational and environmental in�u-
ences, then it is statistically guaranteed, approximately, 5% of misclassi�cations in the DIs derived
from undamaged observations not used for training.

3.4 Test Structure Description

The Z-24 Bridge was a standard post-tensioned concrete box girder bridge composed of a
main span of 30 m and two side-spans of 14 m, as shown in Figure 12a. The bridge, before complete
demolition, was extensively instrumented and tested with the aim of providing a feasibility tool for
vibration-based SHM in civil engineering. A long-term monitoring test was carried out, from 11th of
November 1997 to 10th of September 1998, resulting in four natural frequencies and 3932 observations,
where the �rst 3470 observations are correlated to undamaged condition and the last 462 correspond
to damaged condition progressively introduced in this structural system. One should note that the
bridge was intensively in�uenced by thermal variations caused by freezing temperatures [7].

To verify the applicability of the proposed approach for long-term monitoring, hourly moni-
toring data from an array of accelerometers are used to extract damage-sensitive features, which yields
a feature vector (observation) per hour. A reference-based stochastic subspace identi�cation method
was developed to extract the natural frequencies [238].

The use of observations related to the baseline condition in the statistical modeling phase
(training), implies the application of the proposed approach in an unsupervised mode. The train-
ing matrix permits the algorithm to learn the underlying distribution of the observations a�ected
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by environmental and operational variability. As shown in Figure 12b, the training matrix X (1-3123
observations) is de�ned with almost 90% of the feature vectors from the undamaged condition, cor-
responding to approximately one-year monitoring period. On the other hand, the remaining 10% of
the undamaged feature vectors are used, along with the damaged ones and the training data, to build
a test matrix Z (1-3932 observations) for the test phase to make sure that the DIs do not �re o� before
damage starts to appear.

In addition, to evaluate the performance of the ACH algorithm in handling a limited amount
of training data, and for visual purposes, a daily data set from the same structure is used. This data set
corresponds to daily monitoring data measured at 5 a.m. (because of the lower di�erential tempera-
ture on the bridge), yielding a unique feature vector per day of operation. Then, the same modal anal-
ysis procedure used in hourly data set was applied to extract the natural frequencies. The automatic
procedure was only able to estimate the �rst three frequencies with high reliability, which outputs a
three-dimensional feature vector per day [6]. During the feature extraction process, it was observed
that the �rst and the third natural frequencies are strongly correlated (with a correlation coe�cient
of 0.94), which permits one to perform dimension reduction of the extracted feature vectors from
three to two. The �rst two natural frequencies and their corresponding feature distribution in two-
dimensional space are depicted in Figure 13. The marked observations were extracted under ambient
temperature below 0∘C.

Note that the last 37 observations correspond to the damage progressive testing period, which
is highlighted, especially in the second frequency, by a clear drop in the magnitude. Observations 1-
198 are related to baseline condition, even though under operational and environmental variability.
The observed jumps in the natural frequencies are related to the asphalt layer in cold periods, which
contributes signi�cantly to the sti�ness of the bridge. The heterogeneity among observations in a
two-dimensional space is evidenced in Figure 13b, which suggests the existence of groups that can
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Figure 12 – Longitudinal section (upper) and top view (bottom) of the Z-24 Bridge (a). First four natu-
ral frequencies of Z-24 Bridge (b). The observations in the interval 1-3470 are the baseline/undamaged
condition (BC) and observations 3471-3932 are related to the damaged condition (DC) [6].
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Figure 13 – The �rst two natural frequencies extracted daily at 5 a.m. from 11th of November 1997
to 10th of September 1998 (a); feature distribution of the two most relevant natural frequencies in
bi-dimensional feature space (b).

Table 1 – Number of clusters (𝐾) as well as number and percentage of Type I and Type II errors for
each ACH initialization procedure using the hourly data set from the Z-24 Bridge.

Initialization 𝐾 Type I Type II Total
Random 5 220 (6.34%) 4 (0.86%) 224 (5.69%)
Uniform 6 159 (4.58%) 19 (4.11%) 178 (4.52%)
Divisive 3 188 (5.41%) 6 (1.29%) 194 (4.93%)

be found through cluster-based methods. In conclusion, the corresponding training matrix X (1-198
observations) is de�ned with approximately 83% of all observations, while the test matrix Z (1-235
observations) is assigned with the entire data set.

3.5 Results and Discussion

In this section, the performances of the ACH-, MSD-, and GMM-based approaches are com-
pared on the basis of Type I and Type II errors as well as on their capabilities to �lter nonlinear changes,
when dealing with operational and environmental e�ects. Additionally, to determine which initial-
ization procedure is more suitable to be employed with the ACH algorithm, a comparative study is
carried out. Although the ACH- and MSD-based approaches do not require any input parameter, the
GMM works through some prede�ned con�gurations and input values. The MSD- and GMM-based
approaches were set as described in [6].
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3.5.1 Comparative Study of the Initialization Procedures

In order to perform a comparative study, the ACH was independently executed for the afore-
mentioned three initialization procedures. Table 1 summarizes the Type I and Type II errors for all
types of initializations. The random initialization makes the ACH more sensitive to detect abnor-
mal conditions as expressed by the low number of Type II errors (4); however, it is penalized with a
high number of Type I errors (220), demonstrating a loss of generalization capability. An alternative
behavior is reached when deterministic initialization procedures are applied (uniform and divisive).
Basically, the uniform initialization demonstrates a high degree of generalization and robustness to �t
the normal condition at the cost of losing sensitivity to detect anomalies, as given by a relatively high
number of Type II errors (19). On the other hand, the divisive initialization establishes a trade-o� be-
tween generalization and sensitivity, reaching a low number of Type II errors (6) and maintaining an
acceptable number of Type I errors (188), which indicates e�ectiveness to model the normal condition
and to overcome the nonlinear e�ects. Furthermore, one can �gure out that, for levels of signi�cance
around 5%, both random and divisive initializations are indicated, especially when the minimization
of Type II errors is a critical issue.

The DIs for the entire test data are highlighted in Figure 14, regarding each initialization pro-
cedure, along with a threshold de�ned over the training data. Excepting when the ACH is initialized
with the uniform procedure, it outputs a monotonic relationship between the amplitude of DIs and
the level of degradation accumulated on the bridge over the time. In Figure 14b the freezing e�ects are
highlighted by clear peaks in the DIs related to the data used in the training phase, indicating that the
uniform initialization does not allow an appropriate �ltering of nonlinear e�ects. Note that a non-
linear e�ect is not necessarily related to a damaged condition; it may arise from a normal variation of
physical parameters on the structure not taken into account during the training phase. On the other
hand, when damage is presented in the form of an orthogonal component that diverges from the nor-
mal condition under common operational and environmental factors, it is detected as a non-observed
e�ect, i.e. an anomaly condition.

In relation to the number of data clusters, the ACH was able to �nd six, �ve, and three clus-
ters when coupled with uniform, random and divisive initializations, respectively, as summarized in
Table 1. Furthermore, the random and divisive initializations demonstrate to be more appropriate due
to their potential to bene�t the clustering step, providing a proper learning of the normal condition,
even when operational and environmental variability is present. However, considering the best model
as the one that establishes a trade-o� between minimization of the number of errors using less clusters
as possible, the divisive initialization is the most suitable procedure, as it accomplishes reliable results
using a small number of clusters, being more indicated when one wants to reach a balance of sensitivity
and speci�city rates.



Chapter 3. Agglomerative Concentric Hypersphere Clustering Applied to Structural Damage Detection 51

1 3123 3470 3932

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

Observations (Days)

D
I

 

 

Training (BC)
Testing (BC)
Damaged (DC)
Outliers

Observations

(a)

1 3123 3470 3932

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Observations (Days)

D
I

 

 

Training (BC)
Testing (BC)
Damaged (DC)
Outliers

Observations

(b)

1 3123 3470 3932

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

Observations (Days)

D
I

 

 

Training (BC)
Testing (BC)
Damaged (DC)
Outliers

Observations

(c)

Figure 14 – DIs estimated via the ACH for di�erent initialization procedures along with a threshold
de�ned over the training data: (a) random, (b) uniform, and (c) divisive initialization procedures.

3.5.2 Damage Detection with the Hourly Data Set from the Z-24 Bridge

For comparison purposes with algorithms from the literature, the ACH coupled with divisive
initialization is chosen to accomplish a study along with MSD- and GMM-based approaches. There-
fore, to quantify the classi�cation performance, the Type I and Type II errors for the test matrix are
presented in Table 2. Basically, for a level of signi�cance around 5%, the ACH presents the best re-
sults in terms of total number of misclassi�cations, with less than 5% of the entire test data. On the

Table 2 – Number of clusters (𝐾) as well as number and percentage of Type I and Type II errors for
each approach using the hourly data set from the Z-24 Bridge.

Approach 𝐾 Type I Type II Total
ACH 3 188 (5.41%) 6 (1.29%) 194 (4.93%)
MSD 1 162 (4.66%) 191 (41.34%) 353 (8.97%)
GMM 7 210 (6.05%) 10 (2.16%) 220 (5.59%)
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Figure 15 – DIs along with a threshold de�ned over the training data: (a) ACH-, (b) MSD-, and (c)
GMM-based approaches.

other hand, the MSD provides the worst result, misclassifying, roughly, 9% of the entire test data. In
turn, the GMM shows an intermediate performance, attaining 5.59% of misclassi�ed observations.
Nevertheless, the MSD has the smaller number of Type I errors when compared to the alternative
ones. However, it demonstrates an inappropriate level of sensitivity to damage, which for high capital
expenditure engineering structures is unacceptable due to the catastrophic consequences it may cause
(e.g. undetected failures may cause human losses). Concerning the ACH and GMM, one can verify
that both provide a high sensitivity to damage, although the ACH presents the smaller amount of
misclassi�cations. In terms of generalization, the ACH attains the best results when compared to the
GMM, as one can infer by the minimization of Type I errors.

To evaluate the performance of the ACH to model the normal condition, and to establish
comparisons, the DIs are shown in Figure 15. As mentioned before, the ACH outputs a monotonic
relationship between the amplitude of DIs and the damage level accumulation, whereas the GMM
fails to establish this relationship. In the case of the MSD-based approach, patterns in the DIs caused by
the freezing e�ects can be pointed out, which indicates this approach is not able to properly attenuate
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the e�ects of environmental variations; thus, it demonstrates to be not e�ective to model the normal
condition.
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Figure 16 – Emphasis on monotonic relationship between the level of damage and the amplitude of
DIs for the ACH- (a) and GMM-based (b) approaches.

Furthermore, in relation to the ACH- and GMM-based approaches, only the �rst one main-
tains the aforesaid monotonic relationship, even when operational and environmental variability is
present, as highlighted in Figure 16. Nonetheless, the GMM misclassi�ed undamaged observations
throughout the track of observations not used in the training phase, indicating an inadequate learning
of the normal condition. On the other hand, all misclassi�ed undamaged observations accomplished
by the ACH are grouped in a well known fuzzy region that may exist in the boundary frontiers of
the quasi-circular clusters. This is explained by the nature of the ACH-based approach. Although the
ACH aims to �nd out radially symmetric clusters, some clusters describe quasi-circular groups of sim-
ilar observations that present, in their decision boundaries, sparse regions which represent a gradual
change of some structural state.

In terms of the number of clusters, the GMM �nds seven clusters (𝐾 = 7). However, the
ACH accomplishes the best results with only three clusters (𝐾 = 3), indicating that the GMM has
generalization problems, which can be explained by a tendency of over�tting caused by a high num-
ber of clusters. When evaluating cluster-based approaches, a trade-o� between good �tting and low
number of clusters is required, as the high number of clusters may lead to an over�tting; conversely,
low number of clusters may conduct to an under�tting.

3.5.3 Damage Detection with the Daily Data Set from the Z-24 Bridge

To establish further comparisons between the ACH and GMM, an additional study taking
into account a limited amount of training data is carried out in the two-dimensional feature space.
For all 235 observations from the daily data set, three centroids corresponding to the same number
of clusters (𝐾 = 3) are plotted in Figure 17a, as suggested by the ACH algorithm using the divisive
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Table 3 – Comparison of the parameter estimation using the ACH and EM algorithms on the entire
daily data set (1-235) from the Z-24 Bridge (standard errors smaller than 10𝑒− 003).

Approach Description Cluster 1 Cluster 2 Cluster 3

ACH Weight (%) 73 12 15
Mean (Hz) (3.96, 5.18) (4.21, 5.39) (3.85, 4.73)

EM Weight (%) 69 16 15
Mean (Hz) (3.97, 5.19) (4.20, 5.37) (3.86, 4.83)
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Figure 17 – Centroids estimated via the ACH along with daily observations from the Z-24 Bridge: (a)
all 235 observations; (b) 1-198 observations corresponding to the baseline condition.

initialization procedure. As indicated in Table 3, the �rst cluster is centered at (3.96, 5.18), attracting
around 73% of all assigned data. This cluster is possibly related to the baseline condition obtained
under small environmental and operational in�uences. The second cluster is centered at (4.21, 5.39)
and it is assigned with 12% of the observations and may be related to changes in the structural response
derived from sti�ness changes in the asphalt layer caused by freezing temperature. Below 0 ∘C, the
Young’s modulus of asphalt rapidly increases and slightly changes the elastic properties of the structure
[227]. The third cluster is positioned in the lower region of the feature space centered at (3.85, 4.73).
It embeds around 15% of the entire observations and it is related to the space region assigned to the
damaged condition. As demonstrated in [6], these results suggest the possibility to correlate physical
states of the structure with a �nite and well de�ned number of main data clusters. Figueiredo et al.
[6] showed the existence of this phenomenon which is explained by the natural grouping of similar
observations in certain regions of the feature space.

Comparing the results from the ACH- and the GMM-based approaches, one may verify the
similarity of the results in Table 3, with exception for a little di�erence of the third cluster related
to damaged condition. In all cases, the hyperspheres stop their in�ation close to the regions of less
observation concentration from each cluster, highlighting that the boundary regions are located close
to the border of each hypersphere.
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Table 4 – Comparison of the parameter estimation using the ACH and EM algorithms on the baseline
condition of daily data (1-198) from the Z-24 Bridge (standard errors smaller than 10𝑒− 003).

Approach Description Cluster 1 Cluster 2

ACH Weight (%) 95 5
Mean (Hz) (4.17, 5.23) (4.30, 5.55)

EM Weight (%) 82 18
Mean (Hz) (3.97, 5.18) (4.22, 5.39)
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Figure 18 – DIs for daily observations from the Z-24 Bridge along with a threshold de�ned over the
training data: (a) ACH- and (b) GMM-based approaches.

The challenges to simulate damage in real-world infrastructures are well-known, namely due
to: the one-of-a-kind structural type, the cost associated with the simulation of damage in those in-
frastructures, and the infeasibility to cover all damage scenarios [6, 239]. Therefore, the application
of unsupervised approaches is often required as long as the existence of data from the undamaged
condition is known a priori. Thus, and for real-world practical applications, the centroids de�ned by
the ACH-based approach are shown in Figure 17b, taking into account only feature vectors from the
baseline condition (1-198 observations). In this case, Table 4 indicates two clusters positioned close to
each other. The hyperspheres in�ate until the low observation density is reached, suggesting two main
data clusters. Comparing the results obtained from the ACH- and GMM-based approaches [6], one
can verify di�erences between clusters location by a relative shift in their positions.

The DIs obtained from test matrix Z (1-235 observations) are highlighted in Figure 18. It
shows, once again, that the ACH-based approach outputs a monotonic relationship between the am-
plitude of DIs and the damage level accumulation. On the other hand, the GMM has a poor perfor-
mance when attempting to establish the aforementioned relationship. To quantify the classi�cation
performance, Table 5 summarizes the Type I and Type II errors for the test matrix. Basically, for a level
of signi�cance around 5%, the ACH- and GMM-based approaches have the same classi�cation per-
formance, reaching a total amount of errors equal to 4.25%. These results are quite similar due to the
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Table 5 – Number and percentage of Type I and Type II errors for ACH- and GMM-based approaches
using the daily data set from the Z-24 Bridge.

Approach Type I Type II Total
ACH 10 (5.07%) 0 (0.0%) 10 (4.25%)
GMM 10 (5.07%) 0 (0.0%) 10 (4.25%)

adopted function to evaluate the observation density within the in�ated hypersphere.

3.6 Conclusions

This paper proposed a novel unsupervised and nonparametric cluster-based algorithm (ACH)
for structural damage detection in engineering structures under varying and unknown conditions. In
particular, the ACH was compared to two alternative parametric cluster-based approaches extensively
studied in the literature (MSD and GMM), through their application on standard data sets from the Z-
24 Bridge. This structure was under known environmental and operational in�uences, which caused
changes in its structural dynamics.

In terms of general analysis, the ACH-based approach demonstrated to be as e�ective and ro-
bust as the GMM-based one to detect the existence of damage, and potentially more e�ective to model
the baseline condition and to attenuate the e�ects of the operational and environmental variability, as
suggested by the monotonic relationship between the amplitude of DIs and the gradual increasing of
damage level.

In terms of theory formulation, the proposed approach is output-only, which implies that it
is not required any information about variability sources, only the damage-sensitive features need to
be extracted from the measured response data. Moreover, the ACH assumes no particular underlying
distribution and it is conceptually simpler to be deployed in real-world applications, when it is not
possible to make any assumption about the distribution of monitoring data. On the other hand, the
GMM assumes the existence of Gaussian distributions and the EM converges toward a local optimum;
while the MSD imposes the data to follow an unique multivariate normal distribution. Additionally,
the ACH does not require any input parameter, it automatically �nds the number of clusters and
can be implemented as a totally deterministic approach, depending on the initialization procedure
employed (divisive and uniformly). However, as each iteration of the ACH accomplishes a local opti-
mization, the initialization may a�ect the clustering results.

This approach stands up as a relevant contribution to cluster-based models, even when deal-
ing with a limited amount of training data, because of the completely automatic and nonparametric
nature, allowing its application in scenarios where there is no prior knowledge about the structural
condition.
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CHAPTER4
Deep Principal Component Analysis: An

Enhanced Approach for Structural Damage
Identi�cation

“It is no use saying “we are doing our best”. You have got to succeed in doing
what is necessary”

— Winston Churchill (1874–1965)

“The characteristic of genuine heroism is persistency. All men have wandering
impulses, fits and starts of generosity and brilliance. But when you have
resolved to be great, abide by yourself, and do not weakly try to reconcile
yourself with the world. Cause the heroic cannot be the common, nor the
common the heroic”

— Ralph Waldo Emerson (1803–1882), American essayist, lecturer,
philosopher, and poet

Abstract

The structural health monitoring (SHM) relies on the continuous observation of a dynamic system
over time to identify its actual condition, detect abnormal behaviors and predict future states. The
regular changes in environmental factors have been reported as one of the main challenges for the ap-
plication of SHM systems. These in�uences in the structural responses are in general nonlinear, a�ect-
ing the damage-sensitive features in the most varied forms. The usual process to remove these normal
changes is referred to as data normalization. In that regard, principal component analysis (PCA) is
probably the most studied algorithm in SHM, having numerous versions to learn strong nonlinear
normal changes. However, in most cases, not all variability is properly accounted for via the existing
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nonlinear PCA (NLPCA) approaches, resulting in poor damage detection and quanti�cation perfor-
mances. In this paper, a new paradigm based on deep principal component analysis (DPCA), rooted
in the deep learning �eld, is presented to overcome these limitations. This approach extracts the most
salient underlying feature distributions by stacking multiple feedforward neural networks trained to
learn an identity mapping of the input variables, where the network inputs are reproduced into the
outputs. Similar to the traditional NLPCA-based approach, the DPCA identi�es a nonlinear output-
only model of an undamaged structure by comprising modal features into an internal bottleneck layer,
which implicitly represents the independent environmental factors. The proposed technique is val-
idated through the application on a progressively damaged prestressed concrete bridge and a three-
span suspension bridge. The experimental results demonstrate that capturing the most slight nonlin-
ear variations in the data can lead to improved data normalization and, consequently, better damage
detection and quanti�cation performances.

4.1 Introduction

Improved and more continuous condition assessment of civil structures has been demanded by our
society to face the challenges presented by aging civil infrastructure, leading to increase research ef-

forts for the development of novel structural management approaches to ensure human life safety and
reduce budgetary issues. To support the most relevant management activities and decisions, structural
health monitoring (SHM) is often required to assess the current and future structural condition.

The SHM process relies on the continuous measure of response data and on the extraction
of features that present sensitivity to certain types of structural damage, such as eigenfrequencies,
auto-regressive model parameters, modal shapes or frequency response functions [80, 240, 152, 78].
The monitoring of dynamic changes in those damage-sensitive features is normally addressed through
structural damage detection, i.e., the �rst level of the damage identi�cation hierarchy. However, for
most real applications, some issues demand special attention. In many cases, the use of system identi�-
cation techniques to extract useful properties from measured data is required, introducing estimation
errors, increasing the time and the necessary computational resources to build the entire SHM sys-
tem. Furthermore, those features are not only sensitive to the damage changes, but they also present
high sensitivity to changes in environmental and operational conditions (e.g., live loads, temperature,
wind speed, and moisture levels), which alter the real correlation between the amplitude of the features
and the damage e�ects. Currently, the separation of changes caused by damage from those caused by
changing environmental and operational conditions is one of the biggest challenges for the transition
of SHM technology from research to practice[20, 208].

©2020 SAGE Publishing. Personal use of this material is permitted. Permission from SAGE Publishing must be ob-
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or promotional purposes, creating new collective works, for resale or redistribution to servers or lists, or reuse of any
copyrighted component of this work in other works.
The published article is available on https://doi.org/10.1177/1475921718799070

https://doi.org/10.1177/1475921718799070


Chapter 4. Deep Principal Component Analysis: An Enhanced Approach for Structural Damage Identification 60

Sometimes, when one takes into account these in�uences on the damage-sensitive features,
the variations in environmental conditions are much lower than the lowest eigen period for �xed con-
ditions [227]. Thus, when one observes quasi-static structures (e.g., bridges, buildings and dams) dur-
ing short-term campaigns, they behave as a linear time-invariant system. Only during long monitoring
periods, the time-varying behavior is manifested. Changes in temperature are the primary source of
this time-dependent relationship due to the large thermal inertia of structural materials or boundary
conditions, which causes nonlinear variations on structural sti�ness [241, 242].

To deal with this drawback, data normalization methods are often required to separate those
normal changes from the ones caused by damage. Actually, there are two main approaches for this pur-
pose. The �rst implies direct measure of the sources of variability, as well as the structural response at
di�erent locations; this input-output approach learns the structural condition by establishing a direct
relation between the normal variations and features amplitude. However, this parameterized model-
ing is hard and complex to deploy in real situations due to the unfeasibility to capture and measure
all sources of variability, which still not completely understood [27, 28, 29]. In this context, some ap-
proaches working with numerical models and machine learning have been studied, although the need
for simulated data limit their application [243, 244, 245]. The second approach, the one applied in this
paper, attempts to establish the existence of damage for cases when measurements of the operational
and environmental factors are not available. The methods rooted in the latter approach are usually
classi�ed as unsupervised and output-only. Their unsupervised characteristic is due to the training
process, which is performed without any data from the damaged condition. The output-only nature
comes from a damage classi�cation strategy without any input information related to the normal vary-
ing conditions.

The most traditional unsupervised approach used in the SHM �eld is the one based on prin-
cipal component analysis (PCA) [246, 247, 151, 132, 248]. This linear approach has been adapted to act
as a data normalization and damage identi�cation technique used to model, mainly, e�ects of linear
variations [30, 32, 33, 34]. Often, PCA-based approaches are used to model linear environmental and
operational in�uences from undamaged features [217]. The number of principal components com-
puted from the extracted features is implicitly assumed to correspond to the number of independent
factors related to the normal variations. Further extensions have been proposed to determine local
variations, as an attempt to learn nonlinear in�uences [218]. In this case, a local extension of PCA is
used to learn nonlinear relationships by applying a local piecewise PCA in few regions of the feature
space. However, a major di�culty with this approach is the limited applicability in real-world SHM
systems; if nonlinearities are present in the monitoring data, the linear PCA-based approach might fail
in modeling the normal condition of a structure because the principal components are independent
only if the baseline data is jointly normally distributed.

To deal with the aforementioned drawbacks, the traditional linear PCA has been extended
to learn the underlying nonlinear relationships between the measured responses and the sources of
variability [249, 250]. The auto-associative neural network (AANN) is a nonlinear version of PCA
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intended to perform feature extraction, dimensionality reduction, and damage identi�cation of mul-
tivariate data [197]. As demonstrated by Kramer [82], the AANN is capable to intrinsically perform a
nonlinear mapping of the input variables, as it characterizes the underlying dependency of the iden-
ti�ed features in terms of unobserved factors. In other words, the AANN performs a nonlinear PCA
(NLPCA). Novelty detection strategies have been applied for quantifying the cumulative damage
through the residual errors provided by the nonlinear model [251, 24]. In these approaches, the resid-
ual error tends to increase when damaged cases are presented to the trained model. However, a major
di�culty with this approach is to determine the number of normal factors changing the actual behav-
ior of the structure, as the number of factors retained by the model must be handcrafted discovered
[24]. Additionally, in some cases, a strong dependency with the type of feature has been reported [221].

An alternative manner to perform NLPCA is to employ kernel functions along with the tradi-
tional linear PCA. The kernel-trick allows the mapping of features to high-dimensional spaces, which
can provide nonlinear strengths to the traditional PCA, leading to a kernel PCA (KPCA). In this
approach, the type of nonlinearity does not need to be explicitly de�ned, and the nonlinear normal
variations can be almostly accounted for a global model [226, 161]. In a recent work, Reynders et al.[8]
developed an alternative approach to eliminate the environmental and operational in�uences in terms
of the retained components in the kernel space. Although, this technique achieved satisfactory results
for data normalization and can be easily adapted for damage identi�cation, it also revealed some loss
of information as the principal components are retained based on 99% of the data variability. This
ensures only the �tting of a fraction of the normal condition under environmental and operational
e�ects due to a very high-dimensional or even in�nite-dimensional mapped feature space.

Therefore, a deep nonlinear principal component analysis (DPCA) is proposed in this work as
a novel output-only technique to eliminate nonlinear environmental and operational in�uences from
the monitored features. The method is rooted in the deep learning �eld, more precisely, it is based on
the concept of stacked autoencoders, where the input features are subjected to several nonlinear map-
pings until their reproduction into the output layer. The assumption is the same as for the traditional
AANN. The residual errors should increase when data comes from a damaged condition, as the global
model is built by means of undamaged data, which allows one to quantify the damage severity as the
residual error increases. Herein, the novelty is regarded to the brand-new network architecture ap-
plied in the SHM �eld with an e�cient training method for the deep neural network weights. This
approach emphasizes the concept of stacking simple modules of functions (or classi�ers) to compose
a strong model [252, 253, 254, 255]. These simple models are independently trained to learn speci�c
tasks, and then they are “stacked” on the top of each other to learn more complex representations of
the underlying data distribution than the corresponding shallow or linear autoencoders [172].

In the context of SHM for damage identi�cation, the successive nonlinear transformations
applied by the DPCA, allows one to learn more reliable representations of the underlying dependen-
cies surrounding the features with respect to the corresponding normal e�ects, resulting in a proper
modeling of the normal variations. The robust training algorithm tends to generate a more powerful
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model capable to discover and generalize the patterns of normal conditions in di�erent scenarios of
real-world applications, performing improved �ltering of the environmental and operational varia-
tions. Furthermore, the problems related to the traditional PCA-based approaches are circumvented
by this technique.

The remainder of this paper is structured as follows. In section “Deep principal component
analysis (DPCA)”, all steps related to the DPCA for removing the normal variations on the damage-
sensitive features, as well as the procedure for feature classi�cation, are explained. Section “DPCA
and traditional PCA-based approaches” establishes some general theoretical characterizations of di-
mensionality reduction techniques and compares the traditional PCA-based approaches with the pro-
posed one to clarify the real capabilities of each method. Section “Test bed structures and data sets”
presents two vibration data sets collected from long-term monitoring in two di�erent bridges sub-
jected to linear/nonlinear in�uences on their modal characteristics. These data sets encompass a wide
spectrum of challenges associated with practical damage identi�cation problems. In section “Experi-
mental results and analysis”, a comparative study is performed along with a discussion related to the
damage detection performances. Finally, section “Conclusions” synthesizes the analysis carried out in
this study.

4.2 Deep Principal Component Analysis (DPCA)

4.2.1 Traditional Autoencoders

Autoencoder is traditionally referred to the class of techniques that discriminate a conditional
probability model as a manner to explain how a phenomena has been generated[256, 257, 252]. This
probabilistic model is capable of accomplishing dimensionality reduction by performing the encoding
of the input variables into a compressed representation that comprises the most signi�cant relation-
ships within the data distribution. The same model can be used to reverse the compressed data back
to the original space without signi�cant loss of information. This process is described as a two-phase
procedure: (i) encoding of the input features into a lower dimensional space and (ii) decoding of the
compressed representation back to the original space.

The usual approach to comprise this mapping/demapping task is through unsupervised neu-
ral networks. The general architecture is made of a three-layer network, where the input features are
the output target and the middle layer is designed for learning the compressed representations. At �rst,
one may consider that neural-based autoencoders learn to simply perform an identity function of the
input features. However, the network is forced to learn more useful representations by constrainting
the number of hidden units to be less than the number of features, which allows the learning of non-
trivial representations. This kind of constraint brought the origin of undercomplete autoencoders
[252].

More formally, the hidden layer (also referred as bottleneck) 𝑙 = 1 describes a code used to
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represent the input features by performing a mapping h[𝑙=1]: R𝑚 → R𝐷[𝑙=1] of the input x, where
the superscript represents the corresponding mapping layer – ideally, the simplest model embeds only
one mapping layer. After, the data is reversed back to the original space by a demapping operation
g[𝑙=1]: R𝐷[𝑙=1] → R𝑚. As previously commented, if the autoencoder succeeds in simply learning to
set 𝑔𝜃′ (ℎ𝜃 (x)) = x everywhere, then it is not especially useful. Instead, autoencoders are designed
to be unable to perfectly learn the input patterns. This is made by adding constraints to perform only
approximate copies of the input patterns into the output. Thus, the model is forced to prioritize the
most important characteristics of the data, and then learning useful properties [252].

In summary, the learning process aims to �nd the set of parameters Θ = {𝜃, 𝜃′} that mini-
mizes the loss function

𝐿(Θ) = 1
𝑛

∑︁
∀x∈X

‖x − 𝑔𝜃′ (ℎ𝜃 (x))‖2 , (4.1)

where 𝐿 (·) is a loss function penalizing 𝑔𝜃′ (ℎ𝜃 (x)) for being dissimilar from x, i.e., a mean square
reconstruction error.

The most common approach for the encoder and decoder is through a�ne mappings together
with nonlinear functions

ℎ𝜃 (x) = 𝑠ℎ (𝜃x + b) ,

𝑔𝜃′ (x) = 𝑠𝑔

(︁
𝜃⊤x + a

)︁
.

(4.2)

Thus, the set of parameters turns out into Θ = {𝜃,b, a}, where b and a are the bias and 𝜃 is the
weight matrix. This scheme of shared weights is referred as symmetric architecture.

Traditionally, autoencoders are used for dimensionality reduction or feature learning. How-
ever, theoretical connections between autoencoders and latent variable models have brought autoen-
coders to the forefront of generative modeling. In this case, an undercomplete autoencoder learns to
span the principal subspace of the training data, i.e., the same subspace as PCA [258].

Recently, with the advance of deep learning approaches, the traditional autoencoders have
been combined to form deeper models. Actually, multiple autoencoders can be stacked on top of
each other to compose a strong model formed by simple modules of classi�ers [259]. These simple
models can be independently trained to perform speci�c tasks instead of training an entire network to
learn a global task. Thus, the network is capable of learning a more powerful nonlinear generalization
than AANN, and even better than KPCA. Experimentally, stacked autoencoders yield much better
dimensionality reduction than their corresponding shallow or linear autoencoders [172].

4.2.2 The Proposed Model

The DPCA model is a special case of undercomplete autoencoder, and it is based on a sim-
ple premise: divide and conquer. Deep learning models are characterized by a huge amount of layers,
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Figure 19 – Unsupervised layer-wise pre-training and �ne-tuning of the proposed eight-layer architec-
ture.

weights and connections, which leads to a tedious and high cost training if performed through tradi-
tional optimization algorithms. Thus, instead of training a massive network we can simply divide the
task into small blocks and delegate speci�c functions for di�erent parts of the entire model, and then
group these separated models into a general one. However, it is not trivial to achieve this model and
then we must consider the idea of model stacking and sparsity.

Stacked autoencoders are feedforward neural networks with an odd number of data repre-
sentations built by an even number of encoder and decoder layers with shared weights (asymmetric
structures may be employed as well) [260, 172]. The bottleneck layer has a number of nodes equal to
the number of factors to be retained, similar to PCA. The network is trained to minimize the mean
squared error between the input and output of the network. Ideally, the input and output have the
same number of nodes.

The main goal is to perform, at the bottleneck layer, a lower dimensional representation of the
input data, in such manner that it preserves as much data structure as possible. To allow the learning of
a nonlinear mapping/demapping between the original and compressed representations, sigmoid acti-
vation functions are generally used, except into the bottleneck, where a linear activation function is
usually employed. These models are represented by many layers of nonlinear mapping/demapping
with millions of weights and connections, becoming the application of usual gradient-based algo-
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rithms unfeasible. Training algorithms such as the Levenberg-Marquardt backpropation are based
on the computation of partial derivatives, which for huge architectures is cost prohibitive. Moreover,
these algorithms are likely to get stuck in local minima.

Thus, more recently, a two-phase training scheme has been developed to overcome these prob-
lems [254, 261, 172]. First, a greedy layer-wise unsupervised pre-training is performed to learn a non-
linear transformation on the output of the previous autoencoder bottleneck. Second, the pre-trained
layers are stacked in the same order as they have been trained, bringing the origin to a deep architecture
(Figure 19), which is �ne-tuned with respect to a supervised training criterion using a gradient-based
algorithm. Note that the role of the pre-training is reduce the amount of space being covered during
the searching of the optimal parameters, leaving to the �ne-tunning step the task of driving the pa-
rameters towards the global optimum. In this context, the application of gradient-based algorithms
becomes feasible as the two-step training dramatically reduces the search space.

As the usual training scheme can not be directly applied for deep architectures, the usual ob-
jective functions can not be employed either. Formally, a sparsity term is used to enforce the learning
of only a few characteristics of the input data in each layer. An autoencoder that has been regularized
to be sparse must respond to unique statistical features of the dataset it has been trained on, rather
than simply acting as an identity function. In this manner, training to perform the copying task with
a sparsity penalty can yield a model that has learned useful features as a byproduct.

Roughly speaking, a node produces some information on its output only if the correct type of
stimulus is provided into the input. Thus, each node is constrained to respond to some characteristic
that is only present in a small subset of the training examples. Rather than considering the sparsity
penalty as a regularizer for the copying task, we can assume the entire sparse autoencoder framework
as approximating the maximum likelihood training of a generative model with latent variables.

The sparsity regularization can be enforced by adding a constraint term, Ω, that takes a large
value when the average activation value, 𝜌[𝑙]

𝑖 , of a node 𝑖 from the 𝑙-th layer and its expected value,
𝜌, are not close. The Kullback-Leibler divergence is the most common sparsity regularization term
employed for training deep autoencoders,

Ω (Θ) =
𝐿∑︁

𝑙=1

𝐷[𝑙]∑︁
𝑖=1

𝐾𝐿
(︁
𝜌‖𝜌[𝑙]

𝑖

)︁
,

=
𝐿∑︁

𝑙=1

𝐷[𝑙]∑︁
𝑖=1

𝜌 log
(︃
𝜌

𝜌
[𝑙]
𝑖

)︃
+ (1 − 𝜌) log

(︃
1 − 𝜌

1 − 𝜌
[𝑙]
𝑖

)︃
,

(4.3)

where 𝐿 and 𝐷[𝑙] are the number of layers and the number of nodes in a layer 𝑙, respectively. This
function measures the similarity between two distributions, becoming zero when 𝜌 tends to 𝜌, and
becomes larger as they diverge from each other.

Sometimes the sparsity constraint may cause the undesirable side e�ect of leading to over�t-
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ting. To prevent this e�ect, the 𝐿2 regularization penalty is speci�ed by

ϒ (Θ) = 1
2
∑︁

∀𝜃∈Θ
𝜃2 = 1

2‖Θ‖2
2. (4.4)

This regularization (also called as weight decay term) tends to decrease the magnitude of the weights
as the stimulus to a given input increases, and helps to prevent over�tting.

Therefore, the �nal objective function to solve the global optimization problem is an adjusted
mean squared error, given by

𝐿𝑟𝑒𝑔(Θ) = 𝜉 × 𝐿(Θ) + 𝛽 × Ω (Θ) + 𝛼× ϒ (Θ) . (4.5)

The hyperparameter 𝜉 controls the asymptotic slope, as well as 𝛽 and 𝛼 control the relative
importance of the other two terms.

In this study, our proposed model is composed of a eight-layer undercomplete autoencoder
built to learn into its bottleneck layer a lower representation of the input data, in such manner that the
corresponding compressed data characterize the hidden factors that changed the underlying distribu-
tion of the structural dynamic response (Figure 19). In other words, the DPCA-based model intends
to perform the learning of principal components by means of successive nonlinear transformations
of the input. Note that, once the input patterns have been transformed, x: R𝑚 → R𝑑, the 𝑑 normal
factors are retained into the bottleneck layer through a linear activation function, and then they are
mapped back to its original dimension, x̂: R𝑑 → R𝑚.

Regarding this mapping/demapping procedure, a brief note is required to make clear the idea
behind the approach. In this paper, a top-down mapping procedure is adopted as a manner to perform
robust feature learning and detach nonlinear relationships. At �rst, the input patterns are mapped to a
higher dimensional space by the �rst hidden layer, and progressively the mapped data is projected into
lower dimensional spaces until the deeper level of the network in the bottleneck layer. This process
creates an hierarchical network where each layer speci�es mapping operations, resulting in di�erent
levels of learning. This procedure mimics the one performed by kernel-based methods, but instead
of using inner products for feature mapping the network is able to induce a spanned space where
nonlinear correlations can be explicitly taken into account as linearities. Thus, when one reduces this
spanned space the data becomes sparser, allowing the use of linear operators.

Additionally, in relation to the traditional PCA-based approaches, the DPCA model avoids
the problems of data normality and generalization. This is only possible through the robust two-phase
training scheme employed, which generates a powerful model capable of generalizing the normal con-
ditions from training to the test data, performing better �ltering of environmental and operational
variations.

Finally, after the model has been trained, the damage detection is performed for the test matrix
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Z by computing a residual matrix E, as stated by

E = Z − Ẑ. (4.6)

The resulting DIs are calculated by the Euclidean norm performed on each row of the residual matrix,
as follows

DI(𝑖) = ‖ 𝑒(𝑖) ‖ . (4.7)

4.3 DPCA and Traditional PCA-based Approaches

The proposed DPCA-based technique is highly interrelated with the traditional PCA-based
ones, and in special cases they can be equivalent. Previously, we have already mentioned some of the
common properties and relations. Herein, these issues are further discussed as a manner to clarify
the di�erences and improvements obtained over the state-of-the-art approaches. Speci�cally, the ap-
proaches are compared in terms of �ve theoretical properties: (i) ability to derive nonlinear mappings
and learn nonlinear underlying relationships, (ii) direct mapping between the original- and lower-
dimensional spaces, (iii) strengths to perform adequate learning of linear and nonlinear dependencies,
(iv) extraction of features that are strongly correlated to the data in original space, and (v) the com-
putational complexity regarding the main procedures of each technique. All properties are discussed
below and summarized by Table 6.

Traditionally, linear PCA is identical to performing classical scaling or Kernel PCA with a
linear kernel, due to the relation between the eigenvectors of the covariance matrix and the double
centered squared Euclidean distance matrix, which is in turn equal to the Gram matrix [258, 262]. In
comparison, autoencoders with only linear activation functions are very similar to linear PCA as well
[263]. However, as discussed earlier, the KPCA, AANN and DPCA are designed to retain nonlinear
variations through nonlinear mapping operations.

Thus, property (i) is concerned to the learning of nonlinear relationships in the data, which is a
crucial issue for real monitoring scenarios where structure dynamics is highly in�uenced by nonlinear
variations. As linear PCA performs only linear orthogonal transformations, this approach is not able

Table 6 – Comparison of the di�erent PCA-based approaches.

Characteristic DPCA PCA AANN KPCA
Nonlinear mapping 3 7 3 3

Direct mapping 3 3 3 7

Generalization 3 7 7 7

Robust feature extraction 3 7 7 7

Complexity 𝒪 (2𝑖𝑛𝑤) 𝒪 (𝑚3) 𝒪 (𝑖𝑛𝑤) 𝒪 (𝑛3)
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to properly learn the nonlinear sources of varying normal conditions, resulting in poor damage detec-
tion performance for many applications. On the other hand, the approaches based on DPCA, AANN
and KPCA can handle this matter by di�erent mechanisms (e.g., neural networks are not forced to
perform orthogonal transformations, instead, they try to derive a representation which better �ts the
data characteristics), which ensure di�erent levels of removing the normal variations.

Related to the ability to perform a direct mapping from the original dimension to the low
dimensional space (or vice versa), the property (ii) de�nes the techniques unable to specify this opera-
tion. It can be pointed out as a disadvantage for two main reasons: (1) it is not possible to generalize for
held-out or new test data without performing a new mapping, and (2) any insights about the amount
of normal variability retained from the mapping/demapping operation can not be inferred. From that
point of view, the approach based on KPCA is the only one that does not fall into this property, due
to the learning and mapping performed in high-dimensional space.

Generalization is related to the capacity of a technique to accurately learn patterns and pre-
dict outcome values from previously unseen data. Thus, property (iii) is regarded to indicate whether
a technique is able or not to correctly perform the assessment of data arising from new measurements.
As demonstrated by our previous work [38], the approaches based on linear PCA, AANN and KPCA
have several limitations when evaluating new structural conditions (as later shown in the results),
mainly in the cases of extreme operational and environmental factors. In contrast, deep neural net-
works have the ability to properly evaluate new data. This characteristic can be assigned to the robust
training phase that allows a high quality feature extraction without high over�tting.

One of the main qualities of deep neural networks is the robust nonlinear mapping/demapping
of data, deriving compressed representation of the input variables [264]. In comparison, the tradi-
tional approaches to perform PCA do not allow a proper learning of the relationships between the
input variables, mainly caused by the training algorithms and speci�c procedures that limit the type
of features to be extracted (the reader is referred to Subsection “The space of principal components”).
For instance, linear PCA only applies orthogonal transformations, as well as the backpropagation algo-
rithm and kernel mapping may not drive the parameter tuning towards global optimum. Speci�cally
to the KPCA, high-dimensional spaces often lead machine learning algorithms to get stuck in local
optima and slow down the speed of learning process due to saddle points, as the searching space is
exponentially increased as the number of dimensions increases. In that regard, property (iv) indicates
whether techniques provide robust mapping/demapping to compose strong features.

From property (v) the Table 6 provides insight into the computational complexity of the com-
putationally most expensive components of each technique. The computational complexity is an issue
of great importance for practical applications. If the memory or computational resources needed are
too large, their application become infeasible. Thus, the corresponding computational complexity is
determined by the properties of a data set, such as the number of samples and their dimensionality,
as well as the free parameters of each algorithm, such as the target dimensionality 𝑑, the number of
iterations 𝑖 (for iterative techniques) and the size of a model𝑤.
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Therefore, the computationally most expensive part of PCA is the eigendecomposition, which
is performed using a method in 𝒪 (𝑚3). Due to the kernel projection, KPCA performs an eigenanaly-
sis of an𝑛×𝑛matrix by solving a semi-de�nite problem subjected to𝑛 constraints, requiring a learning
algorithm in 𝒪 (𝑛3). Both DPCA and AANN employ backpropagation, which has a computational
complexity of 𝒪 (𝑖𝑛𝑤). However, as DPCA has a pre-training phase, its complexity order increases
to 𝒪 (2𝑖𝑛𝑤). The training may converge slowly as the number of inputs is close to the number of
factors, yielding a high number of weights to the network.

Figure 20 – Z-24 Bridge scheme (left) and picture (top right), as well as a damage scenario introduced
by anchor head failure (bottom right).

From the discussion of the aforementioned properties, it is possible to derive some consid-
erations: (i) some techniques do not provide a direct mapping between the original space and the
mapped one, (ii) when the number of the input dimension is close to the number of samples,𝑚 ≈ 𝑛,
nonlinear techniques have computational disadvantages compared to linear PCA, and (iii) a consider-
able number of nonlinear techniques su�er from high demands of computational e�orts. From these
observations, it is clear that nonlinear techniques impose a considerable demand on computational
resources, as compared to linear PCA. Considering the DPCA-based approach, its application must
be concerned to the level of improvement in the data normalization and damage identi�cation per-
formance, since the high computational resources required might limit the applicability for real mon-
itoring scenarios. However, one should consider the training phase as an o�ine procedure, which
signi�cantly reduces the time to obtain a response from the monitoring system during real applica-
tions.

4.4 Test Bed Structures and Data Sets

In this work, the applicability and comparison between the proposed and state-of-the-art ap-
proaches are evaluated using the damage-sensitive features extracted from the Z-24 and Tamar Bridges.
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Figure 21 – First four natural frequencies of Z-24 Bridge. The observations in the interval 1-3470 are the
baseline/undamaged condition (BC) and observations 3471-3932 are related to the damaged condition
(DC) [6].

In the case of Z-24 Bridge, the standard data sets are unique in the sense that they combine one-year
monitoring of the healthy condition, operational and environmental variability and realistic damage
scenarios. In a di�erent manner, a monitoring system was carried out on the Tamar Bridge during al-
most two-years, generating only data sets related to undamaged scenarios. Its importance derives from
the fact that in real monitoring systems, damage or variability e�ects occur naturally. In follow, these
test structures and their data sets are highlighted.

4.4.1 The Z-24 Bridge

The Z-24 Bridge was a post-tensioned concrete box girder bridge composed of a main span
of 30 m and two side-spans of 14 m, as shown in Figure 20. The bridge, before complete demolition,
was extensively instrumented and tested with the purpose of providing a “feasible tool” for vibration-
based SHM in civil engineering [246]. A long-term monitoring test was carried out, from 11 November
1997 until 10 September 1998, to quantify the operational and environmental variability present on the
bridge and to detect damage arti�cially introduced in the last month of operation. Every hour, for 11
minutes, eight accelerometers captured the vibrations of the bridge and an array of sensors measured
environmental parameters, such as temperature at several locations.

Progressive damage tests were performed in one-month time period (from 4 August to 10
September 1998) before the demolition of the bridge to prove that realistic damage has a measurable
in�uence on the bridge dynamics [246]. Note that the continuous monitoring system was still run-
ning during the progressive damage tests, which permits one to validate the SHM system to detect
cumulative damage on long-term monitoring.
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In this case, the natural frequencies of the Z-24 Bridge are used as damage-sensitive features.
They were estimated using a reference-based stochastic subspace identi�cation method on time series
from the accelerometers [238]. The �rst four natural frequencies estimated hourly from 11 November
1997 to 10 September 1998, with a total of 3932 observations, are highlighted in Figure 21. The �rst
3470 observations correspond to the damage-sensitive feature vectors extracted within the undam-
aged structural condition under operational and environmental in�uences. The last 462 observations
correspond to the damage progressive testing period, which is highlighted, especially in the second
frequency, by a clear drop in the magnitude of the frequency.

Note that the damage scenarios are carried out in a sequential manner, which cause a cumu-
lative degradation of the bridge. Therefore, in this work is assumed that the bridge operates within its
undamaged condition (baseline or normal condition), under operational and environmental variabil-
ity, from 11 November 1997 to 4 August 1998 (1–3470 observations). On the other hand, the bridge is
considered damaged from 5 August to 10 September 1998 (3471–3932 observations). For the baseline
condition period, the observed jumps in the natural frequencies are associated to the asphalt layer, in
cold periods, which contributes, signi�cantly, to reduce the sti�ness of the bridge. In this work, the
existence of a bilinear behaviour in the natural frequencies for below and above freezing temperature
is considered a nonlinear e�ect [7].

For generalization purposes, the feature vectors were split into the training and test matrices.
As shown in Figure 21, the training matrix, X3123×4, is composed of 90% of the feature vectors from
the undamaged condition. The remaining 10% of the feature vectors are used during the test phase to
make sure that the DIs do not �re o� before the damage starts. The test matrix, Z3932×4, is composed
of all the data sets, even the ones used during the training phase.

4.4.2 The Tamar Bridge

The data sets from the Z-24 Bridge are unique, as it is known a priori the existence of dam-
age. On the other hand, the data sets from the Tamar Bridge represent the most common situation
observed in real-world SHM applications in bridges, as there is no indication of damage in advance.
These data sets, from an extensive monitoring campaign, present the continuous dynamical response
of the structure under the most common operational and environmental variations observed in a typ-
ical suspended bridge (e.g., tra�c loading, wind speed and temperature[132]). The learning of these
common factors is crucial for the data normalization step, as the more accurate is the number of factors
driving changes, the better is the damage detection performance.

The Tamar Bridge (Figure 22) is situated in the south-west of the United Kingdom and con-
nects Saltash in the county of Cornwall with the city of Plymouth in Devon. This bridge is a major
road across the River Tamar and plays a signi�cant role in the local economy. Initially, in 1961, the
bridge had a main span of 335 m and side spans of 114 m. If the anchorage and approach are included,
the overall length of the structure is 643 m. The bridge stands on two concrete towers with a height
of 73 m with the bridge deck suspended at mid-height [132].
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In the late 1990s, an upgrade was performed regarding the structure after an EU directive.
Various sensor systems were installed to extract data such as tensions on stays, accelerations, wind
speed, temperature, de�ection and tilt. Eight accelerometers were implemented in orthogonal pairs
to four stay cables and three sensors measured deck accelerations. The time series were stored with
a sampling frequency of 64 Hz at 10 min intervals. The data were then passed to a computer-based
system and via the covariance-driven stochastic subspace identi�cation [238], the natural frequencies
were calculated (more detail in [132]). The �rst �ve natural frequencies are illustrated in Figure 23, for
the period from 1st of July 2007 to 24th of February 2009 (602 observations).

Herein, there is no damaged observations known in advance, and so it is assumed that all ob-
servations are extracted from the undamaged condition. Therefore, only Type I errors can be identi-
�ed. From a total amount of 602 observations, the �rst 363 ones are used for statistical modeling in the
training process (corresponding to one-year monitoring from 1st of July 2007 to 30th of June 2008)
and the entire data set is used in the test process, yielding a training matrix X363×5 (1-363 observations)
and a test matrix Z602×5 (1-602 observations).

The importance of the data sets from the Tamar Bridge is regarded to the strict presence of lin-
ear e�ects, in contrast to the Z-24 Bridge subjected to extreme nonlinear variations. As demonstrated
by Santos et al. [230], these data sets are characterized by few deviations from the global normal and
stable condition of the structure. Thus, the dynamic response of the Tamar Bridge was mainly in�u-
enced by linear variations, which might potentially impose limitations for nonlinear methods trying
to learn linear variations, leading to the over�tting of the training data and poor damage classi�cation
performance for data not used during training phase.

4.5 Experimental Results and Analysis

In this section, the performance of the proposed DPCA-based approach is evaluated along
with the ones based on PCA. The methods are compared on the basis of Type I and Type II errors

(a) (b)

Figure 22 – The Tamar Suspension Bridge viewed from the River Tamar margins (a) and cantilever
(b) perspective.
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Figure 23 – The �rst �ve natural frequencies extracted from the Tamar Bridge.

and on their capabilities to comprise linear/nonlinear changes, when dealing with operational and
environmental normal e�ects. For this purpose, standard data sets from the Z-24 Bridge and Tamar
Bridge are used as test bed structures.

One of the challenges for training deep networks is the large amount of design choices, such
as connectivity, architecture and optimization methods, which introduce a new set of hyperparam-
eters to be de�ned. However, some automatic approaches have been developed to address many of
these design choices. The main issue is the number of retained factors at the bottleneck layer, which is
assumed to be directly related to the number of changing normal factors. In our case, for the DPCA-
based approach, the same procedure to de�ne the number of principal components for linear PCA is
adopted. Once this handcrafted parameter has been chosen, the number of neurons in each layer can
be automatically de�ned on the basis of the input data dimension through the criterion described in
var der Maaten et al.[258].

Hence, for the Z-24 Bridge, the DPCA-based model has ten, seven and three nodes in each
mapping and demapping layers and two nodes in the bottleneck layer. The nodes in the bottleneck
layer represent the underlying unobserved variables driving the changes in the features such as the
bilinear structural behavior caused by the ambient temperature. In the case of the Tamar Bridge, the
model has eleven, seven and three nodes for each mapping and demapping layers and two nodes in
the bottleneck layer. In this case, the number of factors are assumed to be related to the e�ects of
wind speed and tra�c loading [132]. (It is assumed a non-signi�cant in�uence of the temperature in
this case.) Additionally, for both pre-training and �ne-tuning phases, the adopted stop criteria are
the number of epochs and gradient convergence, de�ned as 1000 and 10−7, respectively. Also, the
sparsity term and L2 regularization are de�ned as 10−3 and 10−4, respectively. Furthermore, the PCA-
, AANN- and KPCA-based approaches are strictly con�gured following the procedures described in
the literature [39, 227, 230].
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For the AANN-based approach, the Levenberg–Marquardt back-propagation algorithm was
used to train the network. Several trainings with di�erent initial conditions were performed through
an approach described by Kramer[82], in order to increase the probability that the global minimum is
achieved. Thus, for the Z-24 Bridge, the network has six units in each mapping and demapping layers
and four units in the bottleneck layer. In counterpart, for the Tamar Bridge, the network has nine
units in the mapping and demapping layers, and eight units in the bottleneck layer.

For the linear PCA, the amount of variability retained is 95%, which attempt to account
approximately all normal variations. In the case of KPCA, the optimal kernel bandwidth can be com-
puted by the maximization of the information entropy [8]. Thus, for the Z-24 Bridge, the optimal
kernel parameter estimated is 0.384, and for the Tamar Bridge this value is 0.0142. In both scenarios,
as estimated by our previous studies[230], 99% of variance is retained, which may account for most
data variations in kernel space.

Finally, for damage classi�cation, a linear threshold corresponding to a certain percentage of
con�dence over the training data must be determined. In this study, the threshold is de�ned for 95%
con�dence on the DIs taking into account only the baseline data used in the training process. Thus,
if the model has properly learned the baseline condition, i.e., the identi�ed model suitably represents
the undamaged condition under all possible operational and environmental in�uences, then it is sta-
tistically guaranteed, approximately, 5% of misclassi�cations in the DIs derived from undamaged ob-
servations not used for training.

4.5.1 Z-24 Bridge Results

For evaluation of the DPCA-based approach with the PCA-based ones, the number of Type
I and Type II errors for the test matrix are presented in Table 7. In general, the DPCA approach out-
puts the lowest number of false alarms (165) and the lowest number of false-negative indications of
damage (4); even more than the KPCA-based one. In particular, the DPCA has the best performance
in terms of normalization of the normal variations with a number of Type I errors less than 5% for the
entire undamaged data. It is important to note that when data normalization is well performed, the
corresponding percentage of misclassi�cations on data sets derived from normal conditions must be
lesser than 5%, at most, due to the threshold de�nition; thus, if an algorithm misclassi�es more than
5% of undamaged data, it may be an indication of poor learning process caused by an inappropriate
algorithm or by a limited set of training data.

Although both DPCA- and KPCA-based approaches perform well when minimizing the
Type II errors, the DPCA-based one can �t the normal and stable state conditions in a more appro-
priate manner, which can be proved by the maximization of speci�city (the portion of undamaged
cases which are correctly identi�ed) without signi�cant decreasing of the sensitivity (the portion of
damaged cases correctly identi�ed). For the KPCA model, one possible justi�cation can be related to
the kernel space, as the spanned space is an approximation of the in�nite-dimensional mapped fea-
ture space, where numeric errors can be an issue. Furthermore, it is not completely clear if the same
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Figure 24 – Damage indicators along with a threshold de�ned over the training data for the Z-24
Bridge: (a) DPCA-, (b) PCA-, (c) AANN- and (d) KPCA-based approaches.

operations performed in the original feature space can be directly applied to the kernel space, as for
high dimensions the data becomes sparser, which give rise to mathematical singularities and algebraic
inconsistencies.

The AANN-based approach demonstrates problems for modeling the normal condition, re-
sulting in more than 5% of Type I errors and a relatively poor damage classi�cation performance, by
reaching more than 3% of Type II errors and a total number of errors up to 5%. Although the ones
based on DPCA and AANN have similar working principals, their notable distinction in relation to

Table 7 – Number and percentage of Type I/II errors for the PCA-based approaches, considering a
level of signi�cance of 5% and using the hourly data set from the Z-24 Bridge.

Approach Type I Type II Total
DPCA 165 (4.76%) 4 (0.87%) 169 (4.30%)
PCA 161 (4.64%) 143 (30.95%) 304 (7.73%)
AANN 196 (5.65%) 16 (3.46%) 212 (5.39%)
KPCA 180 (5.19%) 4 (0.87%) 184 (4.68%)
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the architecture and training algorithm drives this outstanding di�erence in terms of damage detec-
tion performance. The traditional gradient-based feedforward training often leads the optimization
to get stuck in local optimum. Separating the training process into a greedy-layer wise pre-training and
a posterior global optimization generally avoids this kind of problem.

On the other hand, the linear PCA provides the worst overall performance in terms of er-
ror trade-o�, impacting the total amount of errors (more than 7% of misclassi�cations). Although it
demonstrates a reasonable data normalization performance, its unacceptable sensitivity to the damage
occurrence limits the application on real-world monitoring scenarios, mainly when life-safety issues
drive the SHM system. For high capital expenditure engineering structures, this behavior drives catas-
trophic consequences (e.g., undetected failures may cause structural collapses and, in the worst case,
human losses). Nevertheless, this poor performance is not surprising, as the structure was subjected to
nonlinear e�ects caused by the asphalt temperature. Considering the linear nature of the traditional
PCA, its ability to deal with such in�uences is not enough to take into account the most part of the
normal variations.

Therefore, in general, the DPCA-based approach attains the best results when compared to
the alternative ones, as can be noted by the best trade-o� in terms of Type I and Type II errors, mainly
due to a better modeling of the normal condition given by the employed architecture and training al-
gorithm. Actually, an important advantage of this approach is the two-phase training scheme, which
drives the parameter tuning towards the global optimum, providing a robust model capable to per-
form a reliable classi�cation on data not used during training phase. Note that the top-down mapping
operation is also crucial to the improved performance, as the DPCA maps the input data to a greater
dimensional space and performs a gradual dimensionality reduction, allowing the better modeling of
salient relationships through a more precise and concise representation, i.e., the 𝑑 factors extracted
into the bottleneck layer represent more properly the main sources of variability. For SHM, this kind
of strength derives a better �tting of the normal condition, resulting in more robust damage assess-
ment.

To verify the performance of the DPCA-based approach to remove the operational and envi-
ronmental e�ects, the DIs, derived from the entire test data, are shown in Figure 24. By looking at the
patterns presented in the undamaged condition, it is shown that non of the four algorithms is really
capable to remove all the temperature e�ects; though the DPCA seems to minimize those e�ects in a
more approapriate manner. Note that although temperature is considered a linear source of variability
during long-term monitoring, in some circumstances, its in�uence can impose nonlinear changes in
the amplitude of modal properties caused by sti�ness variation. Thus, considering the bilinear tem-
perature behavior of the Z-24 Bridge [7], all approaches demonstrate problems in di�erent levels to
attenuate nonlinear e�ects, as highlighted by those peaks in the DIs related to the data used in the
training phase, indicating that these approaches do not allow an appropriate �ltering of the normal
e�ects.

Additionally, considering the linear/nonlinear e�ects, there is an important issue to point out:
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Table 8 – Number and percentage of Type I errors for all PCA-based approaches, using the daily data
set from the Tamar Bridge.

Approach Type I
DPCA 27 (4.49%)
PCA 28 (4.65%)
AANN 30 (4.98%)
KPCA 73 (12.13%)

a nonlinear e�ect is not necessarily related to a damaged condition; it may arise from a normal vari-
ation of physical parameters on the structure not taken into account during the training phase. This
issue points out the need to choose non-parametric algorithms capable to model nonlinear e�ects. On
the other hand, when damage is present in the form of an orthogonal component, which in conse-
quence diverges from the normal condition under common operational and environmental factors,
it is naturally detected as a non-observed e�ect, i.e., an anomaly condition. Therefore, it is imperative
to any statistical modeling algorithm to take into account these nonlinear changes (if there is any),
otherwise the number of false alarms tends to increase according to the level of in�uence.

4.5.2 Tamar Bridge Results

Following the same procedure carried out previously for the Z-24 Bridge, the number of Type
I errors for the test matrix is presented in Table 8. The Type II errors are not summarized herein as
there are no indications about structural damage. The total number of Type I errors is 27 (4.49%), 28
(4.65%), 30 (4.98%) and 73 (12.13%) for the DPCA-, PCA-, AANN- and KPCA-based approaches,
respectively. Therefore, as the percentage of errors given by the DPCA is close to the 5% level of sig-
ni�cance assumed in the training process, one can concludes that the DPCA-based approach o�ers a
model that properly learns the normal variations, as well as the linear PCA.

In contrast to the Z-24 Bridge, the Tamar bridge is not in�uenced by extreme nonlinear vari-
ations, allowing linear-based approaches to learn its dynamic behavior, as the PCA-based one [265].
Thus, an expected behavior is the nonlinear approaches (DPCA, AANN and KPCA) over�t the train-
ing data, which results in poor normalization performance of undamaged data not used for training.
However, the DPCA was the only method capable to model the normal condition with high degree of
reliability, reaching the smaller amount of misclassi�cations, very close to the one outputted by linear
PCA.

For an overall analysis purpose, the DIs for all observations in the test matrix are shown in
Figure 25. For the KPCA-based approach, a concentration of outliers in the data not used during the
training phase is observed, as indicated by the number of errors in Table 8, suggesting an inappro-
priate modeling of the normal condition. On the other hand, the DPCA-, PCA- and AANN-based
approaches seem to produce a random pattern among the expected outlier observations, especially
among the ones not used in the training process, suggesting a properly understanding of the normal
condition. Note that, in this case, there is no indications about the existence of neither damage nor
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extreme operational and environmental variability in the data set. Thus, patterns are not expected in
the corresponding DIs. The importance of this result is rooted in the fact that this scenario is close
to the ones found in real-world monitoring, where there is no indications of damage a priori, which
permits one to reduce the number of false alarms and increase the reliability of the SHM system.
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Figure 25 – Damage indicators along with a threshold de�ned over the training data for the Tamar
Bridge: (a) DPCA-, (b) PCA-, (c) AANN- and (d) KPCA-based approaches.

In summary, one can infer that the absence of nonlinear variations has embarrassed the mod-
eling performed by nonlinear methods, such as AANN- and KPCA-based approaches, which are not
robust enough to learn linear variations without over�t the training data. On the other hand, the lin-
ear PCA has demonstrated strong ability to learn, adequately, the normal condition for structures not
subjected to extreme nonlinear variations. This behavior is expected due to the speci�c purposes de-
rived for each technique (i.e., nonlinear approaches to model nonlinearities and linear ones to model
linear in�uences). Even so, the approach based on the DPCA model have surpassed the results of the
linear PCA, reaching the smaller amount of Type I errors, which allows one to conclude the pro-
posed technique provides the most reliable and robust modeling of the normal condition, capable
to learn linear and nonlinear in�uences with similar ability. Additionally, the DPCA-based approach
demonstrates to be a general purpose method, which can be employed in scenarios where the struc-
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Figure 26 – First two principal components over the test data for the Z-24 Bridge: (a) DPCA-, (b),
PCA-, (c) AANN- and (d) KPCA-based approaches.

tural manager has few information regarding the sources of variability and the actual condition of the
structure.

4.5.3 The Space of Principal Components

Recall the fact that all approaches have di�erent levels of learning, speci�c capabilities are more
suitable for some scenarios in comparison to others. For traditional supervised learning algorithms, the
PCA model reduces the computational cost for training a discriminative model; thus, for this scenario,
the role of PCA is only to compress the input data to speed up the learning process. In our case, as well
as for most unsupervised problems, the PCA model provides understanding of the latent interaction
between variables and correspondent set of observations. The learning is mainly comprised into the
loading matrix, which can be used to compute factor scores for new observations.

In SHM, once the model has been trained in an unsupervised fashion, data from both undam-
aged/damaged cases are used for testing. The loadings embeds the most resilient characteristics of the
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trained data, but not for damaged cases. Thus, when new data comes from a damaged condition, one
can expect an increasing of the residual errors in accordance to the level of damage, which might graph-
ically indicate a clear separation between damaged and undamaged data when taking into account the
data in the space of principal components. A successful damage classi�cation performance is directly
associated with the robustness of the features extracted, as the damaged data projected over the load-
ing vectors must be far from the undamaged data represented in the same space. Oppositely, for un-
damaged data not used during the training phase, the corresponding low dimensional representation
should be driven towards the undamaged training data, as both data sets are assumed to have been
generated from the same distribution. This behavior is crucial for the correct mapping/demapping
operations, as any PCA-based approach deals with the learning of joint distributions, which allows
the formation of di�erent undamaged and damaged distributions in the mapped feature space. A
straightforward consequence is the possibility to separate data from undamaged and damaged condi-
tions with simpler models. In other words, if the goal is to use the mapped data as features, a strong
PCA-based approach should be robust enough to allow the application of simple classi�ers over this
new set of features.

For the sake of graphical representation of the discussion presented above, in this subsection,
our main goal is to enforce the damage classi�cation results for the Z-24 Bridge by analysing the �rst
and second principal components for each PCA-based approach. As DPCA and PCA compress the
data for a two-dimensional space (i.e., only two components are retained) no further procedure is
required to visualize the mapped data. For AANN- and KPCA-based approaches, the �rst and sec-
ond components account for nearly 70% of the entire data variability, which ensures reliable analysis.
The use of the Z-24 Bridge data set is regarded to the availability of data from both undamaged and
damaged conditions. Thereby, Figure 26 shows a two-dimensional view of the principal components
along with possible decision boundaries, which separate data from both conditions. Note that those
boundaries are illustrations made with the two-class support vector machine algorithm along with a
third-order polynomial kernel to exemplify the kind of functions which can be described by a given
classi�er.

For most approaches, the data in the mapped space are spread and sparse far from the mean,
and present varied levels of data mixing from both conditions. One should note that as the data be-
comes spread and sparse closer to the boundary region a classi�er is more likely to get prediction errors,
once the model must be as complex as the available data. From a global perspective the DPCA-based
approach has demonstrated the most robust and reliable mapping, which is demonstrated by a clear
separation between data arisen from di�erent conditions. An obvious possibility is to apply simple
classi�ers to learn the normal condition in an unsupervised manner without a signi�cant loss of per-
formance.

For the remaining approaches, the models seem to get confused when trying to map damaged
data. The approaches are able to suitably map undamaged data not used during the training phase,
once both sets of normal data have been generated by similar distributions. However, when new data
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Figure 27 – Shannon’s information entropy as color images for the retained principal components on
the Z-24 Bridge data sets: (a) DPCA-, (b) PCA-, (c) AANN- and (d) KPCA-based approaches.

come from unknown distributions (i.e., a damaged one) the performed mapping can not clearly re-
�ect those di�erences. In fact, some damaged data are mapped to the undamaged data distribution,
which clearly indicates problems to learn the normal condition. Moreover, when a PCA-based model
is applied for feature extraction purposes, one should take note on how complex is the data struc-
ture in the space of principal components. The mapping operation must retain only the most crucial
characteristics of the data, simplifying the process of building a classi�cation model. For most of the
compared approaches the extracted features create decision boundaries in which it is very di�cult to
separate data from both undamaged/damaged conditions. Then, instead of the learning task becomes
easier, it turns as di�cult or even more complicated than in the original space.

In relation to the demapping operation, empirically, one may infer two possible behaviors:
(i) the projected damaged data are mapped back to the original space over the undamaged data distri-
bution; (ii) the demapped data is projected over di�erent data distributions, not related to the orig-
inal undamaged or damaged data. It turns out that a trained model is only able to perform a map-
ping/demapping of undamaged data. Therefore, when damaged data is presented to the trained model
the demapping operation should drives the data towards the undamaged data distribution, which in-
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Table 9 – Shannon’s information entropy for the principal components of each PCA-based approach
[10].

Approach Shannon’s entropy
DPCA 7.2384
PCA 0.5500
AANN 2.1596
KPCA 6.3166

creases the residual error. However, when training is not well performed, due to the improper choice
of the training data or even by some limitations of the applied algorithm, the approach tends to recon-
struct the damaged data over regions of the feature space not related to the undamaged or damaged
distributions. In this case, the residual errors are small for some damaged data and large for many oth-
ers.

This condition is mainly veri�ed for the linear PCA in Figure 24. Some reconstructed dam-
aged data are closer to the original distribution, leading to small DIs and consequent misclassi�ca-
tions; in other cases, as the reconstructed damaged data gets far from the original distribution, their
corresponding DIs increase without a signi�cant meaning (i.e., the monotonic relationship is com-
promised). For the Z-24 Bridge, this behavior is explained by the nonlinear freezing e�ects, which
imposes serious limitations for linear approaches. The remain algorithms are provided with nonlinear
capabilities, which allows them to circumvent this limitation at certain point.

To further investigate the principal components extracted for each approach, we propose the
measuring of the information entropy provided by each matrix of mapped data. The Shannon’s in-
formation entropy is the most common metric to verify the average uncertainty provided by a set of
random variables [10]. The principle of maximum entropy is based on which probability distribution
leaves the largest enduring uncertainty, revealing the maximum amount of information about the data
(the maximum entropy). For this purpose, the values of entropy for each approach are summarized
in Table 9. In brief, the DPCA-based approach attains the most informative set of principal compo-
nents, followed by the KPCA-based one. The robustness of these approaches can be pointed out to
the somewhat tedious mapping/demapping operations, which result in the ability to compose rele-
vant features. From the same point of view the principal components derived by AANN are much less
informative, which compared to the DPCA-based approach is attributed to the shallow architecture
and traditional training algorithm. Moreover, PCA drives the poorer set of components, providing
no information on the correlation among the data points and variables, and becoming the new set of
features without signi�cant meaning.

As mentioned before, the principal component space must be as informative as possible to
allow useful analysis and reliable classi�cation results. Once the information entropy measured from
the retained components can also be visualized as color images, Figure 27 shows the information en-
tropy as heat maps for each PCA-based approach. Note that in the case of linear PCA and AANN
the features are quite uninformative, as for linear PCA the color grade is almost the same for both
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variables. The AANN is similarly poor, as revealed by the uniform color scales of each component.
The DPCA- and KPCA-based approaches have the richest sets of features, as the level of variance is
maximal for each one of the DPCA components and very high for the �rst ones of KPCA. As ex-
pected, the KPCA concentrates most part of the model variance on the initial components. As we
look forward to the last components the color grade becomes uniform and consequently the variance
is substantially reduced.

4.6 Conclusions

The appropriate monitoring and evaluation of structures, with an arbitrary level of complex-
ity, depends mainly on robust approaches to separate changes in sensor readings caused by damage
from those caused by changing operational and environmental factors. Herein, in an e�ort to address
the issues related to this challenge, a novel approach for modeling the normal condition of structures
under varying factors is proposed. Rooted in deep learning models, notably the ones based on stacked
autoencoders, the DPCA-based approach is highly interrelated with the learning of principal compo-
nents, and stands up as a relevant contribution for PCA models. Even though the proposed approach
can be employed for any application of unsupervised anomaly detection, this approach was especially
posed in the context of SHM for bridges.

Speci�cally, this work signi�cantly contributes to the SHM �eld by proposing the �rst appli-
cation of deep learning models for unsupervised data normalization and feature classi�cation. This
output-only approach has surpassed the current state-of-the-art of PCA models, as demonstrated by
the experimental results and comparisons. Precisely, the DPCA arises as an improved technique to
perform the NLPCA, overcoming the best approaches available in the literature for damage identi�-
cation up to this moment. The drawbacks related to the traditional PCA-based approaches have been
circumvented, as the assumptions of data normality and the modeling of both linear and nonlinear
variations are completely disregarded. Evaluating from a general point of view, the technique can be
described as a novelty for the �eld of unsupervised models for anomaly detection, as it can be easily
adapted for any problem requiring the learning of latent variable models.

In terms of overall analysis, as veri�ed on the results for the test bed structures, the proposed
approach demonstrates: (i) greater robustness to detect the existence of damage; and (ii) potentially
more e�ectiveness to model the baseline condition and to attenuate the e�ects of the operational and
environmental variability, as suggested by the minimization of misclassi�cations on the data from both
case studies. In a global perspective, one can infer the DPCA has the best classi�cation performance
in terms of minimization of Type I/II errors, indicating to be the most appropriated approach when
the main goal is to attenuate misclassi�cations.

In the future, the authors intend to further explore the capabilities of deep learning algo-
rithms for feature extraction, as a manner to diminish the level of domain-expertise required to extract
damage-sensitive features, which currently varies from the kind of structure and nature of damage to
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be detected. Also, the deep neural networks can be used in the context of time-series analysis for pre-
diction of unusual behaviors that may be related to the damage occurrence.
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CHAPTER5
Damage-sensitive Feature Extraction with

Stacked Autoencoders for Unsupervised
Damage Detection

“When you run by yourself, you go fast; But when you run with others, you can
go so far”

— Maggie MacDonnell, Global Teacher Prize 2017 Winner

“You cannot teach a man anything; you can only help him discover it in
himself”

— Galileo Galilei (1564–1642)

Abstract

In most real-world monitoring scenarios, the lack of measurements from damaged conditions requires
the application of unsupervised approaches, mainly the ones based on modal features estimated from
raw vibration data through traditional system identi�cation methods. Although numerous success-
ful applications using modal parameters have been reported, they have demonstrated to be insu�cient
to estimate a robust set of damage-sensitive features. Inspired by the idea of compressed sensing and
deep learning, an intelligent two-level feature extraction approach using stacked autoencoders over
pre-processed vibration data is proposed. This procedure can improve the performance of traditional
damage detection classi�ers by compressing modal parameters into a smaller set of highly informa-
tive features when considering information entropy metrics. The proposed technique demonstrates
signi�cant improvement in the performance of damage detection and classi�cation approaches when
evaluated on the well-known monitoring data sets from the Z-24 Bridge, where several damage sce-
narios were carried out under rigorous operational and environmental e�ects.
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5.1 Introduction

The structural health monitoring (SHM) discipline is concerned with the increasing demand for
improved and more continuous condition assessment of engineering infrastructures to better

face the challenges presented by modern societies. Intelligent fault diagnosis for SHM applications
has attracted the attention of researchers and practitioners in the �eld of sensing and structural mon-
itoring in the last few years. This process relies in the context of a statistical pattern recognition (SPR)
paradigm, and it is described as a four-phase framework[211]: (1) operational evaluation, (2) data ac-
quisition, (3) feature extraction, and (4) statistical modeling for feature classi�cation.

Most part of the recent SHM literature has been limited to techniques for the fourth phase of
the SPR paradigm, mainly focused on supervised applications, when data from both undamaged and
damaged conditions are available [266, 267, 268, 269]. Highlighting the fact that in most monitoring
campaigns only data from the undamaged condition is available, unsupervised approaches are often
required for data normalization purposes [270, 271, 272, 273], i.e., the learning of the normal condition
is carried out using only data from a structure operating in its undamaged condition under operational
and environmental variability.

Feature extraction is a key step to ensure the reliability of a damage detection system and di-
rectly a�ects the e�ectiveness and accuracy of a fault diagnosis system [151]. During the condition
monitoring, there is often multiple sensors mounted at di�erent locations of a monitored structure
acquiring varied types of physical parameters. From these collected raw data, statistical characteristics
are extracted and used as damage-sensitive features to identify the structural condition. However, in
most real-world applications, the features directly extracted from these collected raw data are often
correlated with multiple sources of variability, which not only lead to di�culties in the learning of
a global model by machine learning algorithms, but also increase uncertainty in fault diagnosis. Al-
though some works have studied the applicability of numerous types of damage-sensitive features for
supervised applications, there is still a gap for studies evaluating the most adequate features for unsu-
pervised scenarios.

Following the fusion operation level, the extracted features can be divided into three levels, in
accordance with the depth of the derived features[274, 147, 148, 149]: (1) data-level fusion, (2) feature-
level fusion, and (3) decision-level fusion. Data-level fusion is performed on the collected raw data by
integrating multisensor signals, comprising a �rst-level set of extracted features. In the feature-level
fusion, the process is performed on the �rst-level features by compressing into a reduced set of derived
variables; these second-level features retain the essential information of the original subset of features
with less data. For the decision-level fusion, the results of multiple classi�ers are combined through
majority voting approaches and used to perform further analysis. Although each approach can be

©2020 Elsevier. Personal use of this material is permitted. Permission from Elsevier must be obtained for all other
uses, in any current or future media, including reprinting/republishing this material for advertising or promotional
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applied for speci�c scenarios, the feature-level fusion is often more e�ective than the alternative ones
because the �rst-level features contain richer information about the structural condition and presents
physical interpretation, as they are often related with the modal parameters.

The majority of the SHM studies for damage detection have been focused on the �rst-level
feature extraction by identifying the dynamic properties of a monitored structure to relate the changes
in the vibration characteristics to the damage occurrence [150, 78, 151, 152, 80]. Usually, modal-based
features are often employed, such as natural frequencies, mode shapes, modal curvature, and �exibil-
ity matrix [41, 42, 43, 44, 45, 132]. Although this idea is well established for SHM applications, the
challenges imposed by operational and environmental in�uences justify the continuous research ef-
forts for the development of novel approaches to extract robust damage-sensitive features [20, 35, 275].
Actually, second-level feature extraction techniques have been applied for monitoring scenarios where
data from damaged conditions were available [157, 158]. However, technical and organizational issues
have limited their application by structure managers in practice. Some reasons can be pointed out to
the lack of a framework or guideline to perform damage identi�cation, which results in no universally
accepted feature extraction approach. In fact, the authors believe that the best approach is not to use a
single type of feature. Instead, multiple sources of information can be used to improve the entire pro-
cess, depending on the structural properties, damage type, and performance expectation. In addition,
some of the most widespread features, when coupled with conventional classi�cation algorithms, may
yield many false-positive (Type I errors) and false-negative (Type II errors) indications of damage in
real-world scenarios, which have major consequences for the decision-making process. For SHM ap-
plications, Type I and Type II errors bring di�erent consequences for the monitored system. Type I
errors are related organizational issues in a sense that false alarms can be highly time consuming from a
management perspective. On the other hand, Type II errors are the critical ones since they potentially
have life-safety and structure integrity issues. Therefore, one of the main goals when implementing
monitoring systems is to establish a trade-o� between the Type I/II errors in order to achieve robust
and reliable structures. Therefore, from a bridge monitoring perspective, it is still necessary to derive
an e�ective methodology to merge the multisource information to obtain robust set of features, in
particular for monitoring scenarios where only undamaged data is available to feed the training pro-
cess.

Considering most recent advances in arti�cial intelligence, deep learning-based techniques
have the potential to overcome the aforementioned problems of current feature extraction methods
[79, 276, 277, 278, 279, 174, 175]. In particular, autoencoders (AE) are equipped with extremely power-
ful mapping operators, yielding an adaptive representation of the input data into its bottleneck layer
[253, 280]. These networks can be stacked to form a deep architecture and to perform multiple levels of
learning through mapping operations. Their compressed representation is highly informative and sta-
tistically more representative as the extracted components span the space of the principal components
[82], which can improve the performance and reduce the complexity of a learned classi�cation model.
Compared to the widely used restricted Boltzmann machine (RBM), AE attempt to perform dimen-
sionality reduction and data compression, as the encoded features can be used as input for downstream
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classi�cation or another types of AE, instead of the RBMs that are mostly concerned in stochastically
explaining the origins of the data being analyzed; in this sense, RBMs are considered as generative
models while traditional AEs discriminative.

In this paper, a stacked autoencoder (SAE) network is used to perform a second-level feature
extraction using the modal properties of a target structure as the �rst-level features. Our work con-
tributes by proposing a two-level feature extraction framework for unsupervised SHM applications
by exploring the mapping capabilities of stacked autoencoders, which improves the damage detection
performance of conventional unsupervised classi�ers. In supervised SHM applications there is only a
very few number of noticeable works exploring this kind of approach [281, 159, 160, 282]. Thus, our
technique is tested against other two-level feature extraction methods used for supervised applications.
Here, AEs are used (instead of RBMs) for their inherent data reduction nature, a key and mandatory
characteristic in the proposed approach.

Note that in most machine learning-based damage detection approaches for unsupervised
classi�cation the raw monitoring data is transformed using statistical-based and physical-based feature
extractors [38, 80, 283, 284, 285], such as autoregressive models, wavelets, mode shapes and damping
ratios. Then classi�cation algorithms are used to model the normal structural condition and detect
damage in an unsupervised fashion. In this case, clustering approaches based on Gaussian mixture
models (GMMs) are among the most popular techniques for modelling of the normal structure state.
Slightly changing the conventional SPR work�ow, we propose to add a second feature extraction step
that links characteristics of feature extraction and classi�cation. This second-level feature extractor
is fed with �rst-level features to train the behavior of the structure normal condition. Then, when
�rst-level features extracted from damaged condition is presented to this second feature extractor the
mapped data should change its distribution. The main goals are to increase the data compression to
reduce the number of variables used for damage classi�cation (and consequently ease the evaluation
of damage) and highlight deviations from the normal condition when the damage starts to appear.
Therefore, our work is mainly focused on analyzing and comparing extracted features and evaluate
their impact in the performance algorithms for damage classi�cation.

Speci�cally in this paper, the proposed approach uses natural frequencies (NF) estimated
from the measured vibration raw data as input to the SAE. Then, the output data from the bottle-
neck layer are used as the new set of damage-sensitive features, which can be applied in the statistical
modelling for feature classi�cation. For SHM, these second-level features comprise a smaller number
of variables than the original set of modal properties, which allows one to apply simple classi�cation
models for the damage identi�cation task, even when the monitored structure is subjected to non-
linear e�ects caused by varying operational and environmental in�uences. The proposed method is
evaluated with other two-level feature extraction approaches conventionally used for supervised ap-
plications. The evaluations are carried out in terms of statistical measures for linear hypothesis and in-
formation entropy to infer whether the derived data set can be suitably modeled by common unsuper-
vised feature classi�cation algorithms. Moreover, their damage detection performances are compared
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by using real-world data sets from the Z-24 Bridge (Switzerland) on the basis of Type I (false-positive
indication of damage) and Type II (false-negative indication of damage) error tradeo�s. The results
indicates that not only the proposed approach coupled with a SAE derives better damage detection
performance but also improves the amount of information retained in the extracted features in terms
of Shannon’s entropy. Note that using NF as input data is not mandatory, in fact the authors opinion
is that, if available, multiple types of damage-sensitive features are preferable to increase the general ef-
fective of the damage detection system. We speci�cally chose to only use NF to keep our results similar
to those found in the literature. Moreover the goal of this study is not to evaluate (or propose) a new
damage detection classi�er, instead we perform data-focused evaluations that also verify the impact of
using di�erent types of features in widely known classi�cation algorithms for damage detection.

The remainder of this paper is organized as follows. Section 2 describes the proposed feature
extraction method; Section 3 is devoted to the data sets from the Z-24 Bridge, used as the test bed
structure. Section 4 describes the experimental results and carries out further analysis. Finally, Section
5 presents the �nal remarks and main conclusions.

5.2 Two-level Feature Extraction Approach

5.2.1 Stacked Autoencoders

Although the approaches based on the traditional principal component analysis (PCA) have
been successfully accepted as general purpose dimensionality reduction techniques the ones based on
autoencoders are the main competitors [172]. This sort of model is capable of accomplishing dimen-
sionality reduction by performing the encoding of the input variables into a compressed representa-
tion that comprises the most signi�cant relationships within the data distribution.

Unsupervised neural networks are the primary model when considering the built of autoen-
coders. Their general architecture is made of a three-layer network, where the input data are the output
target while the middle layer is designed to learn compressed representations. To avoid the learning of
simple identity functions, neural-based autoencoders are enforced to constrain the number of hid-
den units to be less than the number of input features. This type of architecture is often named as
undercomplete autoencoders[252].

At this point it is important not to get confused by autoencoders and restricted Boltzmann
machines (RBMs). While the �rst set of methods are similar to PCA and can be used for dimension-
ality reduction, RBMs are generative networks aiming to learn a probability distribution over a set of
inputs. RBMs are a variant of Boltzmann machines, with the restriction that their neurons must form
a bipartite graph by using stochastic units with particular distribution instead of deterministic distri-
butions. RBM shares a similar idea, but it uses stochastic units with particular distribution instead of
deterministic distribution. Therefore, the task of training is to determine the connections between the
input variables and how they are related to each other. Di�erent from autoencoders which have been
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originally designed to act as discriminative models, RBMs are purely made to learn generative models
from training data. However, recent advances on generative modeling have brought to the light the re-
lations between autoencoders and generative modeling by simply adding regularization components
which helps to learn the actual distribution of the data, such as the Kullback-Leibler divergence.

The basic procedures of autoencoders consist of two stages: encoding and decoding. The en-
coding is characterized as a forward propagation process where each observation x ∈ X𝑛×𝑚 is trans-
formed through a mapping operation 𝜑: R𝑚 → R𝑑 into a coded representation h, where 𝑛 is the
number of observations,𝑚 is the number of features and 𝑑 the number of retained components. The
decoding reconstructs the input data from h by a demapping operation 𝜓: R𝑑 → R𝑚 as a vector x̂
with a corresponding residual error 𝑒 = ‖x − x̂‖. In case the network is succeeded in performing this
mapping/demapping process, then the estimated residual error is close to zero.

Formally, the simplest learning process aims to �nd the set of parameters Θ = {𝜃, 𝜃′} that
minimizes the loss function

𝐿𝑜𝑠𝑠(Θ) = 1
𝑛

𝑛∑︁
𝑖=1

‖x𝑖 − 𝑔𝜃′ (ℎ𝜃 (x𝑖))‖2 , (5.1)

where ℎ𝜃 (·) and 𝑔𝜃′ (·) are activation functions for the mapping and demapping layers, respectively,
and x𝑖 corresponds to the 𝑖th observation from matrix X. This averaged reconstruction error func-
tion measures the degree of dissimilarity of 𝑔𝜃′ (ℎ𝜃 (x𝑖)), which is the reconstructed input data x̂𝑖, in
relation to x𝑖. The encoding and decoding layers are usually embedded with sigmoid functions, such
as
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(5.2)

where 𝑗 and 𝑘 correspond to the 𝑗th input feature to the 𝑘th neuron from the mapping/demapping
layers, and 𝑏 is a bias controlling the asymptote slope. The most common approach to compute the
encoding and decoding weights is through a�ne mappings, where the weights are shared between
mapping and demapping layers. Thus, the set of model parameters turn out into Θ = {𝜃, 𝑏}. This
scheme is commonly referred as symmetric architecture[258].

To learn more abstract and robust features, multiple autoencoders can be sequentially trained
to form a SAE, in which the output of a single layer is fed as input to a di�erent autoencoder. The re-
sulting network can be made of multiple layers for mapping and demapping operations, creating a
deep architecture. This kind of network is considered to be sparse in relation to the characteristics
observed in the training data, which creates specialized neurons [271]. Therefore, a neuron produces
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Figure 28 – Two-phase training scheme for SAE. The greedy layer-wise pre-training initializes the
weights of disjoint autoencoders for a posterior �ne-tuning. Model updating is often performed
through gradient-based algorithms.

some information on its output only if the correct type of stimulus is provided into the input. Each
neuron is constrained to respond to some characteristic present in a small subset of the training ex-
amples. This sparsity behavior can be enforced by adding a constraint term in Eq. 5.1. The Kullback-
Leibler divergence is the most common sparsity regularization term for SAEs, and it is given by

𝑙∑︁
𝑘=1

𝐷𝐾𝐿 (𝜌‖𝜌𝑘) =
𝑙∑︁

𝑘=1
𝜌 log

(︃
𝜌

𝜌𝑘

)︃
+ (1 − 𝜌) log

(︃
1 − 𝜌

1 − 𝜌𝑘

)︃
,

𝜌𝑘 = 1
𝑛

𝑛∑︁
𝑖=1

[𝑓𝑘 (x𝑖)] ,
(5.3)

where 𝜌𝑘 is the average activation value of the 𝑘th neuron over the entire training data, 𝜌 its expected
value, [𝑓𝑘 (x𝑖)] the activation function for the 𝑘th neuron, and 𝑙 the number of hidden units. This
cost function measures the similarity between two distributions, becoming zero when 𝜌𝑘 tends to 𝜌
and larger as they diverge from each other.

Sometimes the sparsity constraint causes the undesirable side e�ect of leading to over�tting.
To prevent this e�ect, the 𝐿2 regularization penalty is speci�ed by

1
2

𝑤∑︁
𝑖=1

𝜃2
𝑖 = 1

2‖Θ‖2
2, (5.4)
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where𝑤 is the number of weights in the global model. This regularization (also called as weight decay
term) tends to decrease the magnitude of the weights as the stimulus to a given input increases, and
helps to prevent over�tting.

The �nal loss function for the global optimization problem is an adjusted mean squared error,
given by

𝐿𝑜𝑠𝑠𝑎𝑑𝑗(Θ) = 𝐿𝑜𝑠𝑠(Θ) + 𝛽
𝑙∑︁

𝑘=1
𝐷𝐾𝐿 (𝜌‖𝜌𝑘) + 𝛼

2

𝑤∑︁
𝑖=1

𝜃2
𝑖 . (5.5)

The hyperparameter 𝛽 controls the importance of the sparsity constraint and 𝛼 counts for the 𝐿2

regularization.

The set of parameters Θ can be updated using a two-phase training scheme developed to at-
tenuate the problems of early stop and local minima convergence[254, 261, 172]. Figure 28 describes
the basic training scheme of SAEs. First, a greedy layer-wise unsupervised pre-training is performed
to learn a nonlinear transformation on the output of the previous autoencoder bottleneck. Second,
the pre-trained layers are stacked in the same order as they have been trained to form a SAE, which is
�ne-tuned with respect to a supervised training criterion using gradient-based algorithms. Note that
the role of the pre-training is to reduce the amount of space being covered during the searching for
the optimal parameters, leaving to the �ne-tunning step the task of driving the parameters toward the
global optimum.

5.2.2 The Proposed Feature Extraction Approach

The proposed approach uses an SAE to perform a second-level feature extraction over a initial
set of estimated modal parameters. The SAE is fed with training and test matrices, X ∈ R𝑛×𝑚 and
Z ∈ R𝑡×𝑚, respectively, de�ned with 𝑛 observations under normal variations when the structure
is undamaged and 𝑡 observations collected during the undamaged/damaged conditions, and 𝑚 the
number of estimated modal parameters.

As shown in Figure 29, the proposed feature extraction method can be summarized as a two-
step strategy: (i) modal parameters are estimated from the vibration raw data to compose the �rst-
level features; (ii) from this initial set of features, undamaged observations are used to train the SAE
to perform a second-level feature extraction. Note that the trained network is not able to perform the
proper mapping of damaged observations. This behavior enables to distinct undamaged and damaged
observations more clearly in the mapped feature space.

The model is composed of eight mapping/demapping layers along with sigmoid activation
functions to learn nonlinear representations. It is a common approach to employ linear activation
functions in the bottleneck layer, once the mapping/demapping are nonlinearly performed. However,
in this paper, to learn high-level features, ReLU activation functions are used in the bottleneck layer
[286].
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Figure 29 – The proposed two-phase feature extraction scheme for statistical modelling and classi�-
cation.

The data compressed into the bottleneck layer become the new set of features, whose number
of dimensions is lower than the original number of estimated modal parameters. This compressed rep-
resentation implicitly characterizes the hidden factors that changed the underlying distribution of the
structural dynamic response (e.g., temperature, tra�c loading, wind speed and boundary conditions).
Note that, once the input patterns have been transformed, 𝜑 : R𝑚 → R𝑑, the 𝑑 normal factors are
retained into the bottleneck layer through nonlinear activation functions, and then they are mapped
back to its original dimension, 𝜓 : R𝑑 → R𝑚.

After the model has been trained, feature classi�cation for damage identi�cation can be carried
out by traditional classi�ers using the output of the bottleneck layer as input features. The expected
result is an improvement in the performance of commonly used statistical modelling approaches, such
as Gaussian mixture models based on the Expectation-maximization algorithm (EM-GMM), support
vector machines (SVM), and logistic-regression [224].

5.3 Test Structure and Data Sets

In this study, the comparison between the proposed feature extraction approach and state-of-
the-art ones is carried out in terms of statistical measures for linear hypothesis an information entropy,
as well as their damage classi�cation performance using natural frequencies estimated from vibration
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measurements of the Z-24 Bridge. These data sets are unique as they combine one-year monitoring of
the healthy condition, in�uenced by operational and environmental variability, with realistic damage
scenarios [246]. The structure and its data sets are highlighted in this section.

5.3.1 Z-24 Bridge: Monitoring Scenario Description

The Z-24 Bridge was a post-tensioned concrete box girder bridge composed of a main span of
30 m and two side-spans of 14 m, as depicted in Figure 30. The bridge, before complete demolition, was
extensively instrumented and tested with the purpose of providing a reliable benchmark for vibration-
based SHM in civil engineering [287]. A long-term monitoring test was carried out, from 11 November
1997 until 10 September 1998, to quantify the operational and environmental variability present on
the bridge and to detect damage arti�cially introduced, in a controlled manner, in the last month of
operation. As highlighted in Figure 30, every hour, eight accelerometers captured the vibrations of
the bridge as sequences of 65536 samples (sampling frequency of 100 Hz) and other sensors measured

4.50 mTo Bern To Zurich

30.00 m14.00 m2.70 m 14.00 m 2.70 m

1.10 m

Utzenstorf Koppigen

KoppigenUtzenstorf

South Bern

1207

11

0809

04

05

06

10

16

North
V L

T

Zurich
8.60 m

14

1315

01

02

03

8.60 m

T L

V

1.10 m

4
.5

0
 m

South

Bern

North

Zurich

Figure 30 – Longitudinal section (top), and the location and orientation of accelerometers (center and
bottom) on the Z-24 Bridge. Marked sensors failed during the monitoring campaign [7].
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Table 10 – Technical speci�cations regarding the accelerometers used in the long-term monitoring
[11, 12].

Type Mounting Sensitivity Range@140dB Range@130dB
FBA11 Uniaxial 5 V/g 0–10 Hz 0–50 Hz
FBA23 Triaxial 5 V/g 0–10 Hz 0–50 Hz

Table 11 – Progressive damage test scenarios (the dates refer to the additional vibration measurements).

Date Scenario Description
04-08-98 Reference measur. I (undamaged condition)
09-08-98 After installation of the settlement system
10-08-98 Pier settlement = 2 cm
12-08-98 Pier settlement = 4 cm
17-08-98 Pier settlement = 8 cm
18-08-98 Pier settlement = 9.5 cm
19-08-98 Foundation tilt
20-08-98 Reference measur. II (removal of the settlement system)
25-08-98 Spalling of concrete (12 m2)
26-08-98 Spalling of concrete (24 m2)
27-08-98 Landslide at abutment
31-08-98 Concrete hinge failure
02-09-98 Failure of 2 anchor heads
03-09-98 Failure of 4 anchor heads
07-09-98 Rupture of 2 out of 16 tendons
08-09-98 Rupture of 4 out of 16 tendons
09-09-98 Rupture of 6 out of 16 tendons

environmental parameters, such as temperature at several locations [7, 11, 12]. In particular, technical
speci�cations of the accelerometers (by Kinemetrics Inc.) applied in this monitoring are synthesized
in Table 10.

Progressive damage tests were carried out in one-month time period (from 4 August to 10
September 1998) before the demolition of the bridge to prove that realistic damage has a measurable
in�uence on the bridge dynamics [246], as summarized in Table 11 (the dates refer to the day that
additional vibration tests were performed to fully characterize the structural condition of the bridge).
Three examples of damage test scenarios are illustrated in Figure 31. Note that the monitoring system
was still running during the progressive damage tests, which permits one to validate the SHM system
to detect cumulative damage on long-term monitoring.

5.3.2 Estimation of First-level Features: Natural Frequencies

In this paper, the natural frequencies of the Z-24 Bridge are used as �rst-level features. They
were estimated using a reference-based stochastic subspace identi�cation method on vibration mea-
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Figure 31 – Damage scenarios carried out in the Z-24 Bridge: pier settlement (a), failure of anchor heads
(b), and tendon rupture (c).
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Figure 32 – First four natural frequencies of the Z-24 Bridge: 1–3470 baseline/undamaged condition
(BC), 3471–3932 damaged condition (DC).

surements from the accelerometers [288]. The �rst four natural frequencies estimated hourly from 11
November 1997 to 10 September 1998, with a total of 3932 observations, are highlighted in Figure 32.
The �rst 3470 observations correspond to the undamaged structural condition under e�ects caused
by the operational and environmental variability. The last 462 observations correspond to the damage
progressive testing period, which is highlighted, especially in the second frequency, by a clear decay in
the magnitude of this frequency.

The damage scenarios were performed in a sequential manner, which caused a cumulative
degradation of the bridge. Therefore, in this study is assumed that the bridge operates within its un-
damaged condition (baseline or normal condition), under operational and environmental variability,
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from 11 November 1997 to 4 August 1998 (1–3470 observations). On the other hand, the bridge is
considered damaged from 5 August to 10 September 1998 (3471–3932 observations). For the baseline
condition period, the observed jumps in the natural frequencies are associated to the asphalt layer,
in cold periods, which contributes, signi�cantly, to the sti�ness of the bridge, as evidenced in Figure
32, indicating the need for a data normalization procedure to attenuate this variability. Besides, the
existence of a high in�uence of the temperature on the natural frequencies, as well as on the structure
dynamics, can be considered as nonlinear with distinguish behaviors below and above 0∘C [246, 7],
as demonstrated in Figure 33.

For generalization purposes, the natural frequencies estimated from the vibration measure-
ments are split into training and test matrices. Although the damaged observations are known in ad-
vance, the approaches are applied in an unsupervised manner because no information related to the
presence of damage is provided during the training phase. As shown in Figure 32, the training matrix,
X3123×4, is composed of 90% of the undamaged observations. The remaining 10% are used during the
test phase to make sure that the damage indicators (DIs) do not �re o� before the damage starts. The
test matrix, Z3932×4, is composed of all the data sets, even the ones used during the training phase.

5.4 Results and Discussion

In this section, the performance of the proposed approach is evaluated along with other second-
level feature extraction approaches in terms of information entropy and damage identi�cation perfor-
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mance. The proposed feature extraction based on SAE is compared with the ones based on PCA,
auto-associative neural network (AANN) and kernel PCA (KPCA). The usual approach for detect-
ing damage using natural frequencies is considered the baseline result. Statistical modeling for feature
classi�cation are based on the EM-GMM algorithm (implemented in accordance with [289]) from
which Type I/II errors are accounted for to verify the damage detection performance.

Herein, the damage quanti�cation is carried out through a damage indicator (DI). For a single
observation, x𝑖, the DI is given as the inverse of the maximum probability density function (PDF)
value from each Gaussian component, as speci�ed by

p𝑗 (x𝑖|C𝑗) =
exp

(︁
−1

2

(︁
x𝑖 − 𝜇𝑗

)︁ᵀ
Σ−1

𝑗

(︁
x𝑖 − 𝜇𝑗

)︁)︁
(2𝜋)

n
2
√︁

det (Σ𝑗)
,

DI(xi) = 1
max (p1, p2, · · · , p𝐾) ,

(5.6)

where p𝑗 (x𝑖|C𝑗) , 𝑗 = 1, · · · , 𝐾 , are the densities from each Gaussian components parameterized
by a mean vector 𝜇𝑗 and a covariance matrix Σ𝑗 . Brie�y, for new observations not related to the normal
condition, the PDF values for each component are low. Therefore, the inverse of the higher PDF value
causes the DI to increase according to the level of damage. The classi�cation is carried out by a linear
threshold de�ned with 95% of con�dence over the DIs taken from the undamaged data used in the
training phase.

One of the challenges for training neural networks is the large amount of design choices, such
as connectivity, architecture and optimization methods, which introduce a new set of hyperparam-
eters to be de�ned. However, some automatic approaches have been developed to address many of
these design choices. The main issue is the number of retained factors at the bottleneck layer, which
is assumed to be directly related to the number of changing normal factors. In our case, for the SAE-
based approach, the same procedure to de�ne the number of principal components for linear PCA is
adopted [81]. Once this handcrafted parameter has been chosen, the number of neurons in each layer
can be automatically de�ned on the basis of the input data dimension through the criterion described
in var der Maaten et al.[258].

Hence, for the Z-24 Bridge, the SAE-based model has ten, seven and three nodes in each map-
ping and demapping layers and two nodes in the bottleneck layer. The nodes in the bottleneck layer
represent the underlying unobserved variables driving the changes in the features such as the bilinear
structural behavior caused by the ambient temperature. Additionally, for both pre-training and �ne-
tuning phases, the adopted stop criteria are the number of epochs and gradient convergence, de�ned
as 1000 and 10−7, respectively. Also, the sparsity term and L2 regularization are de�ned as 10−3 and
10−4, respectively. Furthermore, the PCA-, AANN- and KPCA-based approaches are strictly con�g-
ured following the procedures described in the literature [39, 227, 230].

For the sake of graphical representation, the features extracted by the SAE are presented in
Figure 34. Note that this compressed representation is the same as the nonlinear principal component
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Figure 34 – Extracted second-level features of the SAE-based approach along with training and test
ranges for statistical modelling phase (left) and two-dimensional view (right).

space, which in this case is composed of two principal components. Initially, one can infer that the
new set of features are as complex as the original data (see Figures 32 and 34, left) with several nonlinear
patterns to be learned, specially in the range of the data used for training (1–3123). However, the two-
dimensional view of the feature space (Figure 34, right) demonstrates a concise and clear tendency
of the data, which can simplify the learning process. Moreover, the data are directly related to the
bilinear temperature behavior of the structure, as the amplitude of the features increases along with
the temperature level. At this point, it is not clear whether this compressed feature space admits the
same physical interpretations as in the original space (i.e., the modal parameter space), though in the
compressed feature space the temperature in�uences can be more clearly associated with the nonlinear
changes in the amplitude.

A crucial behavior when analysing PCA-based approaches is the resulting mapping of both
damaged and undamaged data. As the training phase deals with the learning of joint distributions
from undamaged data, it is expected the formation of di�erent distributions for undamaged and dam-
aged data in the mapped feature space. A straightforward consequence is the possibility to separate
data from undamaged and damaged conditions with simpler models in the mapped feature space [81].
Therefore, Figure 35 (left) presents a two-dimensional view of the SAE extracted features along with a
possible decision boundary which can be used to perform damage classi�cation. Note that this bound-
ary is a simple illustration made with the two-class support vector machine algorithm, along with a
third-order polynomial kernel to exemplify the kind of model described by a given classi�er.

From Figure 35 (left) one can infer a clear separation between data arisen from both undam-
aged/damaged conditions. Note that as the data become spread and sparse near to the boundary, the
classi�er is more likely to predict errors. Furthermore, the data from both conditions are well sepa-
rated, which dramatically can reduce the chances of errors caused by mixing of data arisen from di�er-
ent conditions near to the decision boundary. An obvious consequence is to apply simple algorithms
for feature classi�cation; alternatively, a domain specialist can perform visual inspections on the data
to derive further analysis and even so feature classi�cation without the need of statistical modelling
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Figure 35 – Principal components space (a) and Q-Q plot (b). From the projected data in (a) it is pos-
sible to verify the clear separation between data from the undamaged to the condition. The objective
is to demonstrate that nonlinear patterns in the monitored data (caused by damage occurrences and
temperature e�ects) can be linearly separable in this projected space, allowing to eventually classify
those observations using linear regression. In (b), the Q-Q plot compares the modal features (natural
frequencies) conventionally used to classify damage conditions [8, 9] to second-level features extracted
by multiple data projection techniques. One can observe that none of those data sets follows a quasi-
linear distribution. However, the projected data derived from the SAE presents the better performance
in terms of linear separability of the data.

Table 12 – Shannon’s information entropy for each set of extracted features [10] along with the corre-
sponding number of extracted features.

Approach Shannon’s entropy Number of features
NF 2.3502 4
SAE 7.3084 2
PCA 0.6746 2
AANN 2.0261 4
KPCA 6.0306 24

approaches.

The multivariate normality statistical test (MNST) is commonly used to verify the degree of
coherence between a set of random variables and the normal distribution. This test certi�es the level
of unimodality presented by a given data set. If the test highlights few deviations from the normal dis-
tribution, then it is safe to infer the relative unimodality of the data. Alternatively, sensitive deviations
con�rm the presence of multimodal characteristic in the data. In our case, where the goal is simplify
the feature classi�cation phase with a robust set of features, the mapped features must describe uni-
modal characteristics. Therefore, Figure 35 (right) shows the MNST based on the normal Q-Q plot for
each second-level feature extraction approach along with the NF. As evidenced by the Q-Q plot, the
SAE features are the ones describing the most similar unimodal characteristic. Note that compared to
the SAE features, the remaining ones have moderate or strong multimodal characteristics, including
the NF, which can lead to poor damage classi�cation performance.
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Table 13 – Number and percentage of Type I/II errors for each set of extracted features along with the
number of components (K) learned by the EM-GMM algorithm.

Feature Type I Type II Total K
NF 190 (5.48%) 7 (1.52%) 197 (5.01%) 8
SAE 165 (4.76%) 5 (1.08%) 170 (4.32%) 7
PCA 183 (5.27%) 15 (3.25%) 198 (5.04%) 9
AANN 185 (5.33%) 5 (1.08%) 190 (4.83%) 8
KPCA 170 (4.90%) 5 (1.08%) 175 (4.45%) 45

For comparison purposes, the reliability of the information derived by the extracted features
is attested in terms of information entropy. The Shannon’s information entropy is the most common
metric to verify the average uncertainty provided by a set of random variables [10]. The principle of
maximum entropy is based on which probability distribution leaves the largest enduring uncertainty,
revealing the maximum amount of information about the data (the maximum entropy). Therefore,
Table 12 summarizes the values of entropy for each second-level feature extraction approach along with
the original data set composed of natural frequencies (NF).

In brief, the SAE-based approach attains the most informative set of features, followed by
the KPCA-based one. The robustness of these approaches can be pointed out to the somewhat te-
dious mapping operations, which result in the ability to compose strong features. These techniques
are capable of performing the learning of slight nonlinear variations, which is the main improvement
reached out over the classical AANN-based approach. Furthermore, the non-orthogonal projections
performed by the SAE sustain the mapping of most part of the variance comprised in the NF, which
is the main reason to the superior performance reached by SAE.

In that sense, the features derived by the AANN are less informative than the original set of
NF, which is attributed to its shallow architecture and traditional training scheme. Moreover, the
PCA-based features are the less informative data set, retaining almost no variance from the NF, be-
coming its set of features without signi�cant meaning. This condition is related to the linear charac-
teristic of the technique, which is not capable of properly accounting for the nonlinear variations in
the original data set.

When the number of features derived by each approach is considered, it is important to as-
sume the most concise data set with the largest amount of information retained. Thus, Table 12 shows
the number of features extracted by each second-level feature extraction approach along with the orig-
inal set of NF. Although the KPCA features are highly informative, the number of features retained
in the kernel space is cost prohibitive during feature classi�cation phase. For the AANN-based ap-
proach, its number of features is equal to the original set of NF, which is not an advantage in terms
of compression and concision. Taking into account that the PCA features are quite uninformative,
its compression ability is disregarded for further analysis. In this manner, the most adequate set of
features is the one extracted by the SAE-based approach, attaining the largest amount of information
entropy with the smaller set of features.
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Figure 36 – Outlier detection based on the EM-GMM algorithm using the natural frequencies (a)
and extracted features of each second-level approach: (b) SAE- (c) PCA- (d) AANN- (e) KPCA-based
approaches. The (a) NF results are presented for comparison purposes. For visualization purposes, the
DIs are presented in logarithmic scale.

To evaluate the impact of the second-level feature extraction on the feature classi�cation and
damage detection performance, the number of Type I and Type II errors for the test matrix are pre-
sented in Table 13. In general, the SAE features lead the GMM-based approach to a better classi�cation
performance, by misclassifying only 4.32% of the entire observations. In particular, the EM-GMM
has the best performance in terms of undamaged data, less than 5% of Type I errors and a signi�cant
decreasing in the number of total errors, when the SAE features are used. Compared to the NF, the
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SAE has demonstrated to slightly increase the sensitivity of the EM-GMM for the damage occurrence,
as indicated by the number of Type II errors, and con�rming the information provided by Table 12.
It turns out that when one attempts to model the normal condition of a structure, an error trade-o�
between minimizing Type I and Type II errors is required, which makes the SAE features more ro-
bust for damage assessment. Moreover, one can verify a signi�cant decreasing in the number of total
errors, which increases the reliability of the entire monitoring system. The KPCA features were the
only ones which provided a similar performance to the SAE features. However, as veri�ed by the num-
ber of components required to model the data sets, the KPCA features are extremely complex, leading
to an unfeasible number of parameters to be learned. Opositively, the SAE features require much less
parameters to reach the best performance in terms of damage classi�cation for the EM-GMM algo-
rithm. Note that, as the number of features derived by the SAE is small, the actual number of parame-
ters learned by the EM-GMM is considerably smaller than the ones required to the remaining feature
extraction approaches.

To verify the performance of the EM-GMM in dealing with the operational and environ-
mental e�ects, the DIs, calculated from the entire test data, are shown in Figure 36. By looking at the
patterns presented in the range of the undamaged data (1–3470), it is shown that the EM-GMM is not
able to properly account for almost all nonlinear variations caused by freezing temperatures, consider-
ing the features from all approaches; though the SAE features allows the EM-GMM to minimize the
total number of classi�cation errors in a more appropriate manner. This problem has not imposed
serious limitations to quantify the damage level for observations in the range of the damaged condi-
tion (3471–3932). Note that although temperature is normally considered considered a linear source
of variability during long-term monitoring, in some circumstances, its in�uence can impose nonlin-
ear changes in the amplitude of modal properties caused by sti�ness variation. Thus, considering the
bilinear temperature behavior of the Z-24 Bridge, all approaches demonstrate problems in di�erent
levels to allow the attenuation of nonlinear e�ects, as highlighted by those peaks in the DIs related
to the data used in the training phase, indicating that these approaches do not allow an appropriate
�ltering of all normal e�ects.

5.5 Conclusion

The adequate monitoring of engineering structures and the acceptance of intelligent dam-
age detection techniques by structure managers depends on robust approaches to separate changes in
sensor readings caused by damage from those caused by changing operational and environmental fac-
tors. In this sense, damage-sensitive feature extraction still a crucial issue for the damage assessment.
The usual procedure is based on the estimation of modal parameters, such as natural frequencies,
from vibration raw data. These parameters are used as damage-sensitive features for damage detec-
tion. However, in most cases, these features present complex characteristics to be accounted for by
feature classi�cation approaches, which lead to misclassi�cations. In this paper, a novel approach to
extract damage-sensitive features from vibration raw data on the basis of stacked autoencoders is pre-
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sented. Modal parameters are used as input to the autoencoder to compress the data into its bottleneck
layer through nonlinear mapping, accomplishing a second-level feature extraction. This set of derived
features is highly informative and potentially more sensitive to the damage occurrence, which consid-
erably improves the damage detection performance.

Compared with other second-level feature extraction approaches, as veri�ed on the analysis
performed over the monitoring data sets from the Z-24 Bridge, the proposed one demonstrated: (i) a
highly informative set of extracted features, even more than the original set of modal parameters, as
attested by the Shannon’s information entropy; (ii) a concise and compressed set of features, leading
to a small number of parameters to be learned during statistical modelling for feature classi�cation;
(iii) extracted features with unimodal characteristics, as shown by the MNST through Q-Q plot; (iv)
improvements in the damage detection performance of the EM-GMM algorithm in terms of Type
I/II errors; and (v) high sensitivity to damage, which can be pointed out to the clear distinction of
data from undamaged and damaged cases.

However, it is unclear whether the same physical interpretations provided by modal parame-
ters can be assumed to the extracted set of features; nevertheless, it is possible to verify that the tem-
perature e�ects guides the tendency of the data, indicating a direct relation with physical properties
from the structure. Although the temperature has a big role in the features behavior, the presence of
damage carries on sensitive changes in the features distribution, which allows one to distinguish the
changes caused by damage from those caused by normal variations. In this case, it is possible to use
the expert knowledge to perform visual-based analysis without the need of statistical modelling ap-
proaches for damage classi�cation. Additionally, the approach used to select the number of normal
factors in the bottleneck layer for the proposed model requires further investigation. The one used
here is based on the variation of entropy, as it is for linear PCA, but as the SAE aims to learn nonlinear
factors the number of retained components is possibly di�erent from those found for linear PCA.

In the future, the authors intend to investigate the in�uences of the sources of variability on
the extracted features to clearly understand their physical interpretations. Other feature classi�cation
approaches can be employed for di�erent test bed structures under distinct normal variation e�ects
to test the reliability of the proposed feature extraction method.
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CHAPTER6
Nonnegative Matrix Factorization-based

Blind Source Separation for Full-�eld and
High-resolution Modal Identi�cation from

Video

“If you want to find the secrets of the universe, think in terms of energy,
frequency and vibration”

— Nikola Tesla (1856–1943)

“Somewhere, something incredible is waiting to be known”
— Carl Sagan, American astronomer, cosmologist and science communicator

(1934–1996)

Abstract

Traditional modal analysis requires physically attached sensors for data acquisition and vibration-
based monitoring. Although traditional modal analysis presents well-established techniques for dy-
namics analysis, they can impose mass-loading e�ects on lightweight structures and increase budgetary
demands on the maintenance of such data acquisition systems. Recently video-based techniques have
become of increasing interest in the identi�cation of the dynamic properties of infrastructures with
arbitrary complexity. However, most applications rely on frame by frame tracking of �xed speckle
targets to derive time-varying physical parameters. This imposes serious limitations for real-world ap-
plications, especially in scenarios where the structure is out of reach. Therefore, to address these issues,
we propose a novel output-only operational modal analysis method based on vision-based blind source
separation scheme. The proposed algorithm makes use of each pixel as a potential measurement point.
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This enables an increase in the spatial density of sensors conventionally used on a structure by orders
of magnitude. This simultaneous processing of all pixel time-series derives full-�eld high-resolution
mode shapes instead of low spatial resolution mode shapes achieved when measuring a limited number
of discrete locations with typical sensors. Compared to other approaches, we propose a blind source
separation scheme simpler than the ones based on phase extraction and complex steerable pyramids
that still capable of disentangling local structural vibration from video measurement only. Moreover,
a simple method to magnify and visualize independent vibration modes is introduced using the ex-
tracted modal information only. We validate our method by laboratory experiments on a bench-scale
building structure and a cantilever beam. The results demonstrate that the proposed technique can
decompose high-resolution modal parameters, visualize and reconstruct even those weakly-excited vi-
bration modes.

6.1 Introduction

As the demands for better and continuous assessment of structures has signi�cantly increased in
the last decade, the level of complex structures has also increased. New requirements in terms of

monitoring capabilities are also in demand for fast assessment and response, e.g., online data acquisi-
tion, high-resolution measurements, and low time consuming data processing [14]. Usually, the most
common approach in performing experimental and operational modal analysis require physically-
attached wired or wireless sensors, such as accelerometers or vibrometers [41, 42, 43, 44, 45]. Although
conventional data acquisition methods present well-established approaches for real-time measure-
ment of the dynamic response of structures, they can result in unwanted mass-loading e�ects and
subsequent changing of the actual vibration response from lightweight structures.

The installation and maintenance costs associated with conventional data acquisition pro-
cesses signi�cantly increases the budgetary demands on the managing of structures. Moreover, those
sensor networks can only provide measurements at discrete point-wise spatial resolution, as usually
only a limited number of sensors can be placed over the structure surface [46, 47]. Therefore, full-
�eld monitoring is hardly achieved, which limits the range of applications. As mentioned in [48] and
described by Fan et al. [49], the spatial resolution of sensor measurements are critical for numerous
mode shape-based damage identi�cation methods. Moreover, non-contact approaches are preferable
for scenarios where the monitored structure is located at inaccessible areas or when full-�eld measure-
ments are required, e.g., for modal-based damage assessment [50, 51, 52].

Digital video cameras have been extensively used for non-contact monitoring research in re-
cent years [54, 64, 290, 291, 70, 71]. As shown in Figure 2, the usual approach combines imagery data
with processing algorithms to provide low-cost, agile and high spatial resolution, being used for vari-
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uses, in any current or future media, including reprinting/republishing this material for advertising or promotional
purposes, creating new collective works, for resale or redistribution to servers or lists, or reuse of any copyrighted
component of this work in other works.
All animated or media content related to this chapter can be found in http://bit.ly/2HXavRj

http://bit.ly/2HXavRj


Chapter 6. Nonnegative Matrix Factorization-based Blind Source Separation for Full-field and High-resolution Modal
Identification from Video 107

ous types of applications [292, 293, 117, 118, 119, 294]. Although these techniques o�er clear advantages,
these methods typically rely on speckle patterns or high-contrast markers positioned on the structural
surface. Thus, the spatial position of these high contrast areas can be monitored over the frames in or-
der to compute local deformations using image intensity correlation or feature-point tracking [70, 71].
Moreover, that approach relies on the spatial context of spatio-temporal data (frames), similar to those
seen in the traditional optical-�ow methods [61, 72, 73, 74, 295].

On the other hand, the temporal component associated with each pixel time-series of video
measurements contains more substantial information of spatial variations. As demonstrated by Yang
et. al [48] to consider each pixel sensor as a potential motion detector can drastically increase the spatial
resolution of video-based modal analysis. First, temporal correlations are considered, then spatial cor-
relations can be inferred. The end e�ect is a very high-resolution spatio-temporal segmentation carried
out to extract modal frequencies and full-�eld mode shapes from line of sight video measurements of
the structure. Notably, the full-�eld measurements are a result of the huge number of available pixels
in current digital imagers.

The present work focuses on the development of an output-only pixel-based approach for
vision-based modal analysis using a particular class of multivariate data analysis algorithms known
as Nonnegative Matrix Factorization (NNMF) from which it is possible to decompose motion fea-
tures and reconstruct independent videos for summarizing each speci�c mode shape of a vibrating
structure. From these extracted motion features blind source separation (BSS) techniques are applied
to disentangle high-resolution full-�eld mode shapes and modal coordinates in the video measure-
ment only, from which is possible to extract resonant frequencies and other parameters. Also, a sim-
ple approach to magnify individual vibrational motion is introduced. Compared to other approaches
[76, 48], our technique do not require complex steerable pyramids [296] nor phase-based optical-�ow
to extract local phases from video measurements. Also, the dimensionality reduction step by applying
principal component analysis (PCA) is replaced by the NNMF which can be very e�ciently imple-
mented using alternating least-squares (ALS), allowing faster structural assessment. To demonstrate
the proposed approach, laboratory experiments are conducted on a bench-scale building structure
and a cantilever beam, for which accelerometers are used to validate the extracted modal parameters.

The remainder of the paper is organized as follows. Section 2 introduces the proposed video
framework to perform mode decomposition and reconstruction. Section 3 presents experimental re-
sults, discusses implementation details and summarizes the results. Section 4 draws the conclusions
and highlights the potential future directions of this work.

6.2 Theory

Considering a video recording as a sequence of temporally and spatially translated images of
a given target, conventional video-based techniques for vibration or displacement estimation, mostly
based on digital image correlation [63, 297, 18] and optical-�ow [298, 299], perform motion estima-
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tion by minimizing the image intensity correlation between a reference frame (in most cases the �rst
recorded frame) and the subsequent ones. Most of these approaches make use of phase information to
extract these oscillatory changes due to its inherent insensitive to changes in illumination, perspective
and surface conditions[48].

In this section, we derive the implementation constraints of a novel output-only video-based
modal identi�cation approach that blindly identi�es modal properties of a vibrating structure. No-
tably, the proposed approach is output-only, given that only video measurements are required, with-
out the need to know the position of moving objects or excitation sources. Moreover, our approach
is completely unsupervised making obsolete the need for a phase estimation step, which is often im-
perative for most video-based dynamic monitoring methods.

6.2.1 Pixel-wise Mode Decomposition

At �rst, let us assume the structural vibration measured into recorded video frames as a local
time-varying motion 𝛿(𝑦, 𝑡) from a temporally translated image intensity 𝐼(𝑦 + 𝛿(𝑦, 𝑡)), where 𝑦 is
the pixel coordinate. The vibration motion can be expressed in terms of a mixing mechanism super-
imposing individual motions (vibration modes) S ∈ R𝑛×𝑘 weighted by some mixing component
A ∈ R𝑘×𝑚 as

𝛿(𝑦, 𝑡) =
𝑘∑︁

𝑖=1
𝑠𝑖(𝑡)𝑎𝑖 = SA, (6.1)

where 𝑛 is the number of frames, 𝑚 the number of pixels and 𝑘 counts for the number of vibration
modes (sources). This can also be expressed in terms of modal superposition as a liner combination of
modal responses of an arbitrary structural system

𝛿(𝑦, 𝑡) = q(𝑡)Φ(𝑦) =
𝑘∑︁

𝑖=1
𝑞𝑖(𝑡)𝜑𝑖(𝑦), (6.2)

where q ∈ R𝑛×𝑘 is the modal response matrix with 𝑞𝑖(𝑡) being the 𝑖-th modal coordinate, and
Φ ∈ R𝑘×𝑚 the mode shape matrix with each 𝜑𝑖(𝑦) as the 𝑖-th mode shape. Blindly estimating q and
Φ directly from the RGB pixel intensities can be seen as an over-complete problem due to the number
of samples (frames) being much smaller than the number of variables (pixels). Fortunately, the de-
scribed mixing problem has been widely studied in literature, which is mostly known as blind source
separation. Di�erently from other approaches who tackle this problem using two-step decomposition
methods by (1) performing dimensionality reduction by means of principal component analysis fol-
lowed by the (2) application of BSS techniques to decouple the independent vibration modes, here,
we propose a two-step BSS approach to simultaneously perform (1) dimensionality reduction and BSS
to decompose motion patterns and then (2) a second BSS step to disentangle the vibration modes.
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6.2.2 Nonnegative Matrix Factorization

At this point, we can comfortably introduce the idea of using nonnegative matrix factoriza-
tion (NNMF) for both dimensionality reduction and motion decomposition. It is widely known that
NNMF algorithms are capable of blindly identifying independent components when sources are gen-
erally statistically dependent under conditions that impose additional constraints such as nonnegativ-
ity and sparsity [300, 301]. These characteristics make its use in decomposing motion features from
RGB pixel intensities adequate.

Once the vibration motion 𝛿(𝑦, 𝑡) is directly encoded into the pixel time-series from the image
intensities 𝐼(𝑦+𝛿(𝑦, 𝑡)) we can directly apply NNMF algorithms for those pixel time-series. Here, for
simplicity, we de�ne V ∈ R𝑛×𝑚 as the matrix containing all pixel time-series from the video recording.
Note that all entries of V are nonnegative values only. Thus, it is possible to �nd a factorization for V
in terms of two unknown matrices W ∈ R𝑛×𝑘 and H ∈ R𝑘×𝑚 such that

V ≈ V̂ = W H. (6.3)

In the approximation of Equation 6.3, W acts as a dictionary of recurring patterns, which is
commonly named as a dictionary of basis; and every line vector of H contains the linear coe�cients
that approximate each column v𝑖 onto the dictionary. Note that both W and H contain nonnegative
values only.

The literature addresses the NNMF problem as a low-rank approximation or factorization
sharing intrinsic relations with principal component analysis (PCA) [302] and independent compo-
nent analysis (ICA)[303]. PCA assumption is that V can have a lower dimensional representation W
derived by orthogonal components H. This is performed by simply minimizing the quadratic cost
between V and its approximate V̂ = W H. ICA is a variant of PCA in which the rows of H are con-
strained to be mutually independent. Furthermore, the vectors on both W and H have no speci�c
order (some implementations order the components in terms of amplitude), as opposed to the PCA
which has the principal components ordered in terms of the variance (amount of information) each
principal component embeds.

Similarly, NNMF consists on minimizing the reconstruction error between V and V̂ with a
negativity constraint over W and H ensuring interpretability to the model factorization. That also
induces H to perform part-based representations, which contrasts with standard PCA that leads to
holistic representations. The nonnegative constraint turns the reconstruction of every sample as a
combination of multiple pieces of sparse parts of data (in the case of face decomposition, these parts
can be ears, mustache, eyes, etc)[304].

Figure 37 displays the result of NNMF applied to the pixel time-series of a video with sim-
ulated travelling waves. Note from Figure 37 that when NNMF is applied over the pixel time-series
contained in V the extracted components in W accounts for a temporal decomposition with each col-
umn w𝑖, indicating the time pattern of a speci�c vibration mode. On the other hand, H incorporates
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Figure 37 – NNMF applied to simulated videos of two interfering travelling waves. The waves are
decoupled from the pixel time-series using two nonnegative components.

a spatial decomposition with each row h𝑖, when properly reshaped, resembling the corresponding
vibration mode shape. Thus, when considering both W and H we have a spatio-temporal decompo-
sition.

Therefore, once we have W and H, it is possible to reconstruct each separate vibration motion
by using speci�c components. As an example, in Figure 37, the �rst column of W (left components)
is the temporal pattern corresponding to the �rst row of H (top coe�cients). In this case, this spe-
ci�c component resembles the motion of the �rst travelling wave, which can be fully reconstructed
by simple dot product calculations. In turn, selecting the second component of W and combining it
with to its correspondent coe�cients in H derives the reconstructed motion for the second travelling
wave. Note that in real-world cases multiple components are usually required to reconstruct one sin-
gle vibration motion; thus, an important post-step is to determine which components resemble each
speci�c vibration motion. Here, we consider the use of mutual information between pairs of temporal
components in W as a way to determine which components to use for reconstructing speci�c vibra-
tion motions. The issue of how to e�ectively compute the nonnegative factorization is discussed in
the following.

6.2.3 Basic Alternating Least-Squares (ALS) Method

The factorization in Equation 6.3 can be addressed by the following minimization problem

minimize
W,H

‖V − W H‖F ,

subjected to W ≥ 0,H ≥ 0,

where ‖.‖F is the Frobenius norm. The alternating least-squares (ALS) algorithm [305] is the most
common optimization algorithm to solve the NNMF problem. The ALS combines a least squares step
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followed by another least squares step in an alternating fashion. The algorithm exploits the fact that
the optimization of both W and H is not convex, and thus ill-posed, i.e. problems whose solutions
are not unique and depends on the initial values. However, solving for either W or H, separately, leads
to a convex optimization. Thus, given one matrix at a time, the other matrix can be estimated with
trivial least squares computations.

The algorithm 2 ensures nonnegativity by the simplest method (projection step), which sets
any negative entries on W and H to 0 at each iteration. This simple mechanism also ensures spar-
sity. Here, 𝜖 is a hyperparameter used to ensure convergence. Other stop criteria can be used, such
as the number of iterations and the relative slope of the cost function. The main advantage of ALS
over multiplicative algorithms is that whenever an element becomes 0 it must remain 0, which re-
sults in some lack of �exibility regarding matrix elements, although allowing to escape from local op-
tima. Furthermore, ALS algorithms can be faster than other implementations, mainly when SVD-
and multiplicative-based schemes are considered [306].

6.2.4 Identification of Vibration Modes

Although W accounts for the vibration motion extracted from video measurements, as men-
tioned in [307] and also highlighted by [48], the uniform mass distribution assumption is usually not
satis�ed, each nonnegative component in W is still a mixture of modes and can be expressed as a linear
combination of the modal coordinates

W = q(𝑡)Ψ =
𝑘∑︁

𝑖=1
𝑞𝑖(𝑡)𝜓𝑖, (6.4)

where Ψ is the mixing matrix. Using the relationship between the extracted components and the
modal coordinates observed in [48], substituting Equation 6.2 and 6.4 into 6.3 leads to

𝛿(𝑦, 𝑡) =
𝑘∑︁

𝑖=1
𝑞𝑖(𝑡)𝜑𝑖(𝑦) ≈ WH = q(𝑡)ΨH = H

𝑘∑︁
𝑖=1

𝑞𝑖(𝑡)𝜓𝑖 =
𝑘∑︁

𝑖=1
𝑞𝑖(𝑡)(𝜓𝑖H). (6.5)

Comparing the end of Equation 6.5 to Equation 6.4, high-resolution mode shapes with reso-

1 W = 𝑟𝑎𝑛𝑑(𝑛, 𝑘) % Random initialization
2 while ‖V − WH‖F ≥ 𝜖 do
3 WTWH = WTV % Least squares solver for H
4 W𝑖,𝑗 = 0, ∀W𝑖,𝑗 < 0 % Set all negative elements to 0
5 HHTWT = HVT % Least squares solver for W
6 H𝑖,𝑗 = 0, ∀H𝑖,𝑗 < 0 % Set all negative elements to 0
7 end while

Algorithm 2: Basic ALS algorithm [306].
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lution equal to the number of pixels are given by

Φ(𝑦) = HΨ−1. (6.6)

Similarly, modal coordinates can be estimated by

q(𝑡) = WΨ. (6.7)

The mixing matrix Ψ can be estimated by simply applying a BSS technique to solve the linear
mixture problem stated in Equation 6.4. As demonstrated in previous studies related to structural
dynamics [308, 309], the complexity pursuit (CP) algorithm [310] can very e�ciently estimate closely-
spaced and highly damped modes with small user supervision, therefore adopted here. Other param-
eters, such as resonant frequencies and damping ratios can be further estimated using conventional
Fourier transform and logarithmic decrement techniques.

6.2.5 Magnification of Vibration Modes

Although the proposed approach is completely blind in regards to the amount of modes in
the video measurement, this makes the identi�cation of an arbitrary number of modes a challenge
when trying to visualize how those individual vibration responses are related to the weakly excited
modes. Usually, the higher modes of a structure are di�cult to excite out, and although we still can
reasonably get modal coordinates and very high-resolution mode-shapes, the reconstruction of these
individual vibration modes is compromised. Note that those high frequency motions are still present
in the reconstructed vibration motions, but very subtle. Thus, this section is dedicated to introducing
a simple approach to magnify those subtle motions in order to facilitate visualization.

6.2.5.1 Magnifying Individual Modes

When performing the reconstruction of individual modes, we can use Equation 6.4 and Equa-
tion 6.3 for a given mode 𝑖. First, multiplying the individual modal coordinate 𝑞𝑖(𝑡) in Equation 6.4
by a magni�cation factor 𝛼 and the other ones by a decaying factor 𝛽 we have

Ŵ𝑖 = (𝛼𝑞𝑖(𝑡))𝜓𝑖 + 𝛽
𝑘∑︁

𝑗=1,∀𝑗 ̸=𝑖

𝑞𝑗(𝑡)𝜓𝑗, (6.8)

where Ŵ𝑖 is the reconstructed temporal component after magnifying the 𝑖-th mode. After that we
can utilize the mode shape matrix Φ(𝑦) as our new set of spatial components, substitute into Equation
6.3 and then reconstruct a magni�ed version of the original video measurement with the 𝑖-th mode
enhanced by applying

V̂𝑖 = Ŵ𝑖Φ(𝑦). (6.9)
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Figure 38 – Flowchart of the proposed video-based BSS approach for modal analysis.

The end result is a magni�ed version of the original video by a factor 𝛼 while removing the
other modes using a decaying term 𝛽. Other modes can be blindly magni�ed following the same pro-
cedure.

6.2.6 Mode Reconstruction and Visualization

In this section we aim to clearly de�ne how to reconstruct and visualize the individual vibra-
tion modes from Equation 6.8 and Equation 6.9.

Once high-resolution mode shapes Φ(𝑦) and modal coordinates q(𝑡) have been estimated
from video, one can build magni�ed versions of the input video to visualize those individual modes.
Taking, for instance, the �rst mode, to reconstruct the input video with the �rst vibration mode only,
one should do

V̂1 = Ŵ1Φ(𝑦) =
⎛⎝(𝛼𝑞1(𝑡))𝜓1 + 𝛽

𝑘∑︁
𝑗=1,∀𝑗 ̸=1

𝑞𝑗(𝑡)𝜓𝑗

⎞⎠Φ(𝑦). (6.10)

Note that the magni�cation value 𝛼 must be always positive values while 𝛽 only negative to
suppress the motion of the other modes. Therefore, V̂1 ∈ R𝑛×𝑚 has the same dimension as the
original with a di�erent range of values. This is �xed by simply rescaling the values of all pixel time-
series to match those values in the input video. Thus, the time-series should vary in the range of RGB
values [0, 255].

Also, as the mode shape matrix Φ(𝑦) is often very sparse due to the inherent constraints im-
posed over the NNMF, the reconstructed video with the �rst vibration mode magni�ed V̂1 does not
perfectly resemble the input video. To �x this issue, one should calculate a mean vector𝜇(𝑦) ∈ R1×𝑚,
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whose dimension equals the number of pixels𝑚, corresponding to the mean value of each pixel time-
series in the input video and simply add to each row of V̂1. For simplicity, we can de�ne the matrix

𝜇(𝑦) =
𝑛∑︁

𝑖=1

𝑚∑︁
𝑗=1

𝜇𝑖,𝑗(𝑦), (6.11)

where 𝜇(𝑦) ∈ R𝑛×𝑚 as containing the mean vector 𝜇(𝑦) in each one of its rows. Therefore, combin-
ing Equation 6.11 with Equation 6.10 �nally yields

V̂1 =
(︁
Ŵ1Φ(𝑦)

)︁
+ 𝜇(𝑦) =

⎛⎝(𝛼𝑞1(𝑡))𝜓1 + 𝛽
𝑘∑︁

𝑗=1,∀𝑗 ̸=1
𝑞𝑗(𝑡)𝜓𝑗

⎞⎠Φ(𝑦) +
𝑛∑︁

𝑖=1

𝑚∑︁
𝑗=1

𝜇𝑖,𝑗(𝑦). (6.12)

The latter part of our described approach can be easily adapted to reconstruct the input video
with each one of the remaining vibration modes.

6.2.7 Summarizing the Proposed Approach

Figure 38 shows a diagram for the general work�ow proposed in this study to extract the vi-
bration parameters from video measurements only. In part A the raw pixel time-series are directly used
to perform matrix factorization. The result is a spatio-temporal decomposition embedded into both
W and H. At this point, it is worth emphasizing the role of these matrices. H accounts for spatial fea-
tures that periodically appear in the video measurements while W corresponds to the speci�c timing
of occurrence to each of these features, thus composing a two-way decomposition. Note that before
performing factorization the video is converted to grayscale for convenience.

To extract vibration parameters, BSS techniques (from experiments we recommend using the
CP algorithm) can thus be applied over the temporal components only, W, to disentangle modal coor-
dinates and mode shapes, as showed in 38 part B. Note that from Equation 6.4, Ψ, the mixing matrix,
is the ultimate goal of this step. Finding the mixing procedure encoded in Ψ is crucial to e�ciently
de-couple independent vibration modes, as there is a one-to-one mapping between the modal super-
position model and the linear mixture model of BSS techniques. Thus, modal coordinates and very
high-resolution mode shapes can be blindly and e�ciently extracted using Equation 6.7 and Equation
6.6. Complexity pursuit is selected over classical ICA algorithms to solve for the independent sources
due to its better performance at separating highly damped and closely-spaced modes [308, 309].

The last step summarized in 38 part C is optional. If one requires to visualize each independent
vibration motion encoded in the video measurement, the modal coordinates q(𝑡) and mode shapes
Ψ(𝑦) can be used as the new temporal and spatial components. Therefore, we must enhance each
modal coordinate using a magni�cation term 𝛼 and at same time remove the other modes by multi-
plying their corresponding modal coordinate using a decaying factor 𝛽. One should refer to Section
6.2.5.1 and Section 6.2.6 for implementation details.
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One could directly use both W and H to reconstruct and visualize individual the vibration
motion by combining speci�c components. However, the problem holds in selecting the right com-
ponents resembling each speci�c motion, which in many cases is not feasible due to the amount of
extracted nonnegative components. Moreover, in some cases, the vibration motion of di�erent modes
are still mixed up into those extracted nonnegative components. For a feasible mode visualization, we
recommend one go through the entire process here described.

The next section is devoted to discussing similarities, advantages and disadvantages of using
NNMF, mostly implemented on the basis of the ALS algorithm, in comparison to the singular value
decomposition (SVD), which is the basis for competitive approaches based on PCA and ICA decom-
positions.

6.2.8 NNMF vs SVD

In summary, the strengths of PCA (or ICA) are the weaknesses of NNMF, and vice-versa.
SVD is the basis for computing principal and independent components. For this, we de�ne some
comparing properties between SVD- and ALS-based approaches and clarify the advantages of using
ALS for nonnegative matrix factorization in video-based modal analysis. The main properties and ad-
vantages of SVD include [311]: (1) traditional SVD algorithm is based on eigenanalysis, which implies
an optimality property as the truncated SVD produces the best low-rank approximation (in terms of
squared distances); (2) speedy, robust computation of eigenfactors and unique solutions are of inter-
est for online structural dynamics; (3) when dealing with very high-dimensional data as video, SVD
applied over the covariance matrix (as in PCA and ICA) the eigenanalysis might become infeasible; (4)
PCA and classical scaling methods focus mainly on retaining large pairwise distances (for maximiza-
tion of variance) instead of retaining the small pairwise information, which can be more important to
explain grain-level correlations among variables; (5) For video-based structural dynamics, SVD alone
might not be directly applicable to the pixel time-series, requiring some pre-processing step, such as
the use of phase-based optical �ow for displacement computation.

In turn, the NNMF algorithm possesses the following characteristics: (1) sparsity and nonneg-
ativity maintain properties of the original nonnegative data account for more realistic decompositions
of structural dynamics from video. This sparsity also allows for a reduction in storage; (2) unlike SVD,
there is no unique NNMF factorization and strongly depends on the initialization procedure; (3) the
basis vectors naturally correspond to conceptual properties of the data. In video dynamics, the basis
vectors are mainly described as basis images; (4) NNMF is potentially a general purpose technique for
video dynamics applications with demonstrated e�ciency to decompose nonlinear dynamics [312].

In comparison, SVD and NNMF optimize for di�erent results. SVD �nds a subspace which
conserves the variance of the data, while NNMF �nds nonnegative features. As NNMF forces W and
H to be positive, it is able to �nd patterns with the same direction of correlation, which is strongly
useful for image processing and video decomposition (i.e., the application of PCA and NNMF rely
on the structure of the data being analysed). In this case, the consequence is that NNMF can be ap-
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plied directly over the pixel time-series without the need to explicitly compute phase information,
as it occurs in other methods based on PCA for video-based mode estimation. Regarding the time
complexity, the ALS-based NNMF operates in the assymptotic order of 𝒪 (𝑛𝑚𝑘3) with speed-up
versions using generic element-wise operations reducing this time complexity to 𝒪 (𝑛𝑚𝑘2) [313]. In
comparison, PCA presents a superior bound of 𝒪 (𝑚3) [258] while most accepted implementation
of ICA (fast ICA) is bounded by 𝒪 (𝑛𝑚𝑘2) [314]. For further information the reader is referred to
[305, 315, 316, 311, 317].

6.3 Experimental Validation

For the purpose of comparison, we validate our method on the same structures studied in
[48], a bench-scale building and a cantilever beam. This choice was made in an e�ort to provide reliable
comparisons and demonstrate that in addition to the simplicity of the proposed approach (compared
to previous ones), it also achieves the same level of results currently found in the literature.

6.3.1 Bench-scale Building

As showed in Figure 39, an aluminum three-story frame structure was �rst used to validate
the proposed approach. In this case, the structure was subjected to horizontal excitations on the top
�oor caused by an impact hammer. For our tests, a stationary camera (Sony NXCAM with a pixel
resolution of 1920 × 1080) mounted by a Zeiss lens with a �xed focal length of 24 mm was used for
video recording at a frame rate of 240 frames per second. The pixels were downsampled to 384×216.
Here, we used only one video measurement with less than two seconds in duration consisting of 400
frames in total (see Figure 40 for a few frames sampled from the video measurement). The illumi-
nation environment was the ordinary indoor lighting condition without any external illumination
enhancement. Three uniaxial accelerometers were attached to each �oor to measure the accelerations
from which modal parameters were extracted for comparison purposes.

6.3.1.1 Experimental Results

Following the procedure described in Section 6.2.2, the NNMF was applied over the raw pixel
time-series to extract both temporal and spatial components. In this work, 20 nonnegative compo-
nents were extracted to achieve the demonstrated results, although this value was arbitrarily de�ned.
The literature introduces dozens of automatic procedures to autonomously de�ne this parameter,
such as the𝛽-divergence method [318], Support Union Recovery [319] and information entropy [320].
This choice is dependent on the preference of the reader.

From the extracted components, BSS was then performed using CP over the extracted tem-
poral components. Note that the number of independent components estimated from the CP algo-
rithm is equal to the number of nonnegative components, which requires an approach to identify how
many and which ones of these independent sources correspond to the vibration modes. Fortunately,
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Figure 39 – Three-story frame aluminum structure used to measure the vibration response from video
measurement only. Three uniaxial accelerometers attached to each �oor for comparison purposes.

Figure 40 – A few temporal frames from the video measurement of the frame structure subjected to
horizontal excitation (linked to Media1).

Table 14 – Estimated resonant frequencies (in Hz) for the three-story structure from video measure-
ments techniques compared to those from the accelerometers.

Mode Proposed Phase-based [48] Accelerometer
1 6.3 6.31 6.27
2 17.90 17.92 17.88
3 25.87 25.92 25.82

this task is easily performed by selecting the independent components whose power spectral density
(PSD) has only one clear peak, corresponding to the fundamental frequency of the given mode. This
was simply implemented in MATLAB© using the findpeaks function, by which we could identify

https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter5/Media1.avi
https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter5/Media1.avi
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Figure 41 – Modal coordinates and their power spectral densities (PSD) estimated using the CP algo-
rithm over the temporal components from NNMF.

only three noisy free components, thus corresponding to the vibration modal coordinates. The three
monotone modal coordinates q(𝑡) (𝑖 = 1, 2, 3) are show in Figure 41 along with their given PSDs.
As shown in Table 14, their modal frequencies are in perfect agreement to those estimated in [48] and
from the accelerometers.

With the modal coordinates in hand and the mixing matrix Ψ estimated by the CP algorithm,
high-resolution mode shapes could be estimated using Equation 6.6. The mode shapes are shown in
Figure 42. Note that, as opposed to the resolution obtained from the conventional accelerometers (in
this case the maximum resolution is three), the mode shapes obtained here are of the same resolution
as the number of pixel measurements on the video. In the Figure 42, for each mode shape, the areas
with high intensity values are the ones deforming when that given mode is excited. As anticipated in
Section 6.2.6, one should note that the mode shapes are highly sparse, which suggests the possibility
of further applying compressive sensing to reduce their dimensionality.

Motion magni�cation was then applied over the modal coordinates for the reconstruction of
independent vibration modes. To reconstruct the �rst mode, for instance, the magni�cation parame-
ter was set to 𝛼 = 10 and the decaying factor 𝛽 = −1 for all remaining modes. Then, the motion in
the �rst modal coordinate was enhanced by performing𝛼𝑞1(𝑡) as the other vibration motions were re-
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Figure 42 – Very high-resolution mode shapes (number of points equal to the number of pixels) esti-
mated for the frame structure using NNMF and CP.

duced by performing𝛽𝑞2(𝑡) and𝛽𝑞3(𝑡), yielding Ŵ1 = 𝛼𝑞1(𝑡)+𝛽(𝑞2(𝑡)+𝑞3(𝑡)). When enhancing
other motions, the magni�cation parameter was set to𝛼 = 30 and𝛼 = 50 for 𝑞2(𝑡) and 𝑞3(𝑡), respec-
tively. For illustration, several frames from the reconstructed videos are shown in Figure 43. Although
in some frames the changes in the positions of the frame structure are subtle, those mode shapes are
consistent with the behavior (geometry) of their respective modes. The success of the decomposition
method can be clearly seen when verifying the supplementary material. For visualization, the reader
is referred to Media5, where the original video is compared to the ones of the magni�ed vibration
modes. We have reduced the frame rate to 60 frames per second for better visualization of the individ-
ual modes. Also, the same video with the original frame rate (240 frames per second) can be seen in
Media6. In those videos, each of the magni�ed videos indeed contains only the vibration motion of
one single dominant mode.

6.3.2 Cantilever Beam

To further validate our proposed method, an aluminum cantilever beam structure was also
subjected to horizontal excitations close to the �xed end of the structure with an impact hammer
using the same camera and lens described for the building structure case (Figure 44). The di�erence
here is that, for this test scenario, a frame rate of 480 frames per second yielding 600 frames in total
was employed (a few frames are shown in Figure 45). Additionally, the pixels were again downsampled

https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter5/Media5.avi
https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter5/Media6.avi


Chapter 6. Nonnegative Matrix Factorization-based Blind Source Separation for Full-field and High-resolution Modal
Identification from Video 120

(a)

(b)

(c)

Figure 43 – A few temporal frames from the magni�ed videos of the building structure considering
each speci�c vibration mode: (a) Mode 1 (linked to Media2), (b) Mode 2 (linked to Media3), (c) Mode
3 (linked to Media4).

384 × 216. The illumination environment was the ordinary indoor lighting condition without any
external illumination enhancement.

https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter5/Media2.avi
https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter5/Media3.avi
https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter5/Media4.avi
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Figure 44 – Experimental setup to measure the vibration response from a bench-scale beam structure
using video measurement only.

Figure 45 – A few temporal frames from the video measurement of the beam structure also subjected
to horizontal excitation (linked to Media7).

Table 15 – Estimated resonant frequencies (in Hz) for the cantilever beam from video measurements
techniques.

Mode Proposed Phase-based [48]
1 7.45 7.5
2 48.2 48.2
3 133.7 133.6
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Figure 46 – Modal coordinates and their power spectral densities (PSD) estimated using the CP algo-
rithm over the temporal components from NNMF.

6.3.2.1 Experimental Results

The procedure for extracting modal coordinates and high-resolution mode shapes were im-
plemented following the same steps described for the bench-scale building structure. In this case, from
Table 15, three dominant modes were identi�ed (Figure 46 and Figure 47) with modal frequencies of
7.45 Hz, 48.2 Hz, and 133.6 Hz. These modes are consistent with those identi�ed from acceleration
measurements and by [48] using a phase-based approach.

Clearly the monotone modal coordinates presented in Figure 46 resemble the ones found in
[48], however using substantially less processing steps and computational e�orts. Additionally, the
mode shapes shown in Figure 47 are consistent with those predicted by the dynamic theory of beam-
type structures. Once again, one should note the sparsity level of the extracted mode shapes, which
highlight new potential areas of research that delve further in the use of compressive sensing methods.

Also, for visualization purposes, these individual modes were reconstructed by individually
magnifying them. A few temporal frames are shown in Figure 48. For these frames it is clear that one
speci�c type of vibration motion was enhanced while the others were �ltered out, mainly when eval-
uating the second and third vibration modes, indicating a successful reconstruction. For comparison
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Figure 47 – High-resolution mode shapes estimated for the bench-scale beam structure.

purposes, the reader is referred to the supplementary material (Media11) which compares the input
video with the magni�ed ones.

6.3.3 Discussions and Implementation Issues

As demonstrated, the proposed approach performs a spatio-temporal mode decomposition
by leveraging the pixel-level information, from which high-resolution modal parameters can be easily
estimated. Higher gains can be expected when applying BSS-based algorithms over pixel time-series as
the number of channels (pixels) approaches the order of millions in modern imagers.

Comparing our method with those available in the literature, the one proposed here is capable
of achieving the same level of performance when extracting modal information as ones using phase-
based optical-�ow and steerable pyramids. More speci�cally, the method proposed here show excellent
agreement with those presented in [48], as well as with the modal coordinates estimated by the CP al-
gorithm directly from acceleration measurements. Also, in contrast to what is possible to obtain from
accelerometer-based data, where a very small number of discrete points in a structure are measured, the
proposed video-based measurement technique can estimate high-resolution operational mode shapes
in an output-only fashion.

When compared to the original motion magni�cation technique proposed for modal analysis
[76], the one proposed here has no need for the use of speci�c frequency bands to �lter out vibration
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(a)

(b)

(c)

Figure 48 – A few temporal frames from the magni�ed videos of the beam structure considering each
speci�c vibration mode: (a) Mode 1 (linked to Media8), (b) Mode 2 (linked to Media9), (c) Mode 3
(linked to Media10).

motions. Ours technique autonomously estimates modal coordinates without any knowledge regard-
ing the modal frequencies, and thus magni�es those modal coordinates in order to increase or decrease
individual vibration modes, thus removing the need of optical-�ow computation of the displacements
of some cropped region, as required in [76]. Moreover, by magnifying the vibration motion over its
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modal components with single frequency, we avoid the problem of increasing close-spaced modes,
which is a clear issue when using the techniques presented in [76]. As discussed in Section 6.2.5.1,
the motion magni�cation presented is simple and e�ciently capable of increasing speci�c vibration
motions and decrease the remaining ones, allowing one to visualize those speci�c vibration modes
individually, besides the noise intensity level into the video measurements. Moreover, this technique
has demonstrated the ability to increase the motion of those very weakly-excited modes with high ef-
�ciency, as can be noted in the third mode of the cantilever beam. We would like to reiterate that with
very minimal excitation, as demonstrated in the third cantilever beam, our technique reliably enable
us to extract and reconstruct its dynamic behavior (reader is referred to the Media10 and Media11).

Regarding the test environment, the same structures and conditions presented in [48] were
considered for comparison purposes. Although the advantages of using phase-based approaches are
widely known, mainly when considering their use for explicitly account for displacements from pixel
time-series, the proposed one not presented drawbacks when applied to environments with constant
illumination, tough we anticipate that for test cases where environment light changes constantly the
proposed framework may not be able to provide reasonable results. For those cases, one should ex-
plicitly extracts the displacements using phase-based optical-�ow, which is known to be insensitive
to lighting changes. In most SHM scenarios, such as laboratory experiments and outdoor testing, the
provided illumination does not change enough to in�uence camera readings, thus our method should
be able to work reasonably well.

Moreover, the experiments conducted here were carried out indoor with ordinary and sta-
ble illumination conditions, thus the e�ects of environment light were not extensively studied and
requires further investigation, mainly for outdoor applications. Also, further research e�orts should
be applied on the application of compressive sensing approaches over the extracted high-resolution
mode shapes in order to take full advantage of their sparsity level.

6.4 Conclusions

This paper proposed a novel blind source separation approach for unsupervised and output-
only (video measurements) modal analysis. The approach explores the timing information present in
the pixel time-series to infer spatial relationships and, thus, blindly extract modal information such
as modal coordinates and high-resolution mode shapes (the same number of pixels in the video mea-
surement). The approach can be implemented in an e�cient manner and does not require structural
surface preparation.

The main di�erence between our proposed approach and the ones using phase-based optical-
�ow, and complex steerable pyramids, is that our formulation can be directly applied over the raw pixel
time-series without any pre-processing step and human intervention. By using nonnegative matrix
factorization, a spatio-temporal decomposition can performed over the pixel time-series. The decom-
posed temporal information can then be used to further estimate high-resolution modal parameters
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such as modal coordinates, resonant frequencies and very high-resolution mode shapes. Then, from
these estimated modal parameters, we also demonstrate an e�cient and easy to implement approach
to magnify and visualize individual vibration modes. Laboratory experiments are performed over two
bench-scale structures to validate the developed method using side-by side comparisons to an alterna-
tive phase-based method and acceleration measurements.

Further tests are still required to deal with out-of-plane motion and real-world conditions,
such as operational and environmental variability caused by regular operation in structures.
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CHAPTER7
Spatio-Temporal Decomposition of 2D

Travelling Waves from Video Measurements

“Everything must be made as simple as possible. But not simpler”

— Albert Einstein (1879–1955)

“For a research worker the unforgotten moments of his life are those rare ones
which come after years of plodding work, when the veil over natures secret
seems suddenly to lift & when what was dark & chaotic appears in a clear &
beautiful light & pattern”

— Gerty Cori, First American woman to win a Nobel Prize in science
(1896–1957)

Abstract

Video-based techniques have become of increasing interest for identifying the dynamic properties of
infrastructures with arbitrary complexity. Most applications rely on frame-by-frame tracking of �xed
targets to derive time-varying physical parameters. Although these techniques can estimate di�erent
kinds of motion, the need for speckle patterns or high-contrast markers on the surface of structures
imposes serious limitations for real-world monitoring scenarios. Moreover, the frame-based paradigm
may hide important temporal patterns which can only be observed when considering full-�eld tem-
poral processing. Recent works have demonstrated that working in the spatial-only context, can de-
rive numerous drawbacks if the main goals are to maintain security and reliability of any given struc-
ture. Considering the aforementioned issues, this work proposes a novel formulation for video-based
dynamics monitoring by posing the problem in the context of a blind source separation paradigm
using nonnegative matrix factorization. This approach can be implemented in an e�cient and au-
tonomous manner, without the need of structural surface preparation nor supervision or calibration.
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We demonstrate that considering each pixel as an individual sensor measuring local changes allows
one to accurately analyses their time-varying content and to reconstruct each speci�c video motion in
an output-only manner. Our main interest is to monitor amorphous structures, such as melted pools
commonly seen in industrial processes. The application on simulated and experimental data shows
the e�ectiveness to identify, separate and reconstruct video motions without human intervention.

7.1 Introduction

Traditional experimental and operational modal analysis require physically-attached wired or
wireless sensors, such as accelerometers or vibrometers. Although their proved reliability, for

lightweight structures, these sensors may result in mass-loading e�ects, changing the actual struc-
tural response. For long-term monitoring, the installation and maintenance requirements can signif-
icantly increase the costs associated with structural management. In addition, in real-world applica-
tions, full-�eld monitoring using conventional sensors is unfeasible due to the large number of sensors
required; thus, these sensors only provide discrete point-wise measurements with low spatial resolu-
tion [46, 47, 49].

Therefore, non-contact approaches are preferable for scenarios where the monitored struc-
ture is located in inaccessible areas or when full-�eld measurements are required, e.g., for modal-
based damage detection [50, 51, 52]. More recently, digital video cameras have been extensively used
for non-contact monitoring [54, 64, 290, 48, 70, 71]. Combined with image processing algorithms
they provide low-cost, agile and high spatial resolution, being used for various types of applications
[116, 292, 293, 117, 118, 119].

Although they have clear advantages, these methods typically rely on speckle patterns or high-
contrast markers posed on the surface of structures. Thus, the spatial position of these high contrast
areas can be monitored over frames in order to compute local deformations using image intensity
correlation or feature point tracking [70, 71]. Although most optical-based detectors have demon-
strated reasonable performance for many applications, their work principles rely on the spatial context
of spatio-temporal data (frames), such as the optical �ow and neural-based methods [61, 72, 73, 74].
Working in the spatial-only context can derive numerous drawbacks. The main concern is related to
the possibility of adding small but su�cient changes to the video measurements in order to completely
mislead state-of-the-art methods [321]. It has been demonstrated that often the values of a single pixel
can be modi�ed to change the output response of deep learning models [322]. This lack of robustness
imposes serious challenges for practical applications.

©2020 Elsevier. Personal use of this material is permitted. Permission from Elsevier must be obtained for all other
uses, in any current or future media, including reprinting/republishing this material for advertising or promotional
purposes, creating new collective works, for resale or redistribution to servers or lists, or reuse of any copyrighted
component of this work in other works.
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On the other hand, the temporal component associated with pixel time-series contains more
useful information of spatial variations and can drastically reduce the aforementioned security issue.
First, temporal correlations are considered, then spatial correlations can be inferred. The end e�ect
is a very high-resolution spatio-temporal segmentation carried out to extract and reconstruct di�er-
ent kinds of motions by analysing the temporal-content only. One should note that this temporal-
correlation paradigm is mostly unknown between video processing community, which conventionally
consider video on a frame-by-frame basis [304, 323].

A noteworthy point is that �nding temporal correlations across pixels time-series before �nd-
ing spatial correlations is in general robust to single (or multi-pixel) pixel errors (or failures). In that
case, the robustness is achieved by considering correlations across all pixels simultaneously, since chang-
ing the values of a single pixel would not contribute to substantially change the variance of a model
built over thousands/millions of pixel time-series. When considering principal component analysis,
small contributions to the variance are disregarded for dimensionality reduction purposes. In this case,
for a hardware/physical problem a�ect the modal estimation, the number of damaged pixels should
be in the order of thousands/millions, depending on the type of damage.

The present work focus on the development of a timing-based approach for video-based mo-
tion extraction, in particular using blind source separation (BSS). At �rst, the time-series of each pixel
constituting a video with various types of motion of single or multiple objects are decomposed into
its constituent frequencies through the Fourier transform. Then, nonnegative matrix factorization
[305, 324, 325, 326, 327] is used as a BSS technique to perform frequency �ltering over the spectrum
of all pixels. And �nally, inverse Fourier transform is applied to recover the time-series of each pixel
corresponding to very speci�c motions contained in the original video. This work�ow summarizes a
general framework for video-based BSS applications.

To demonstrate the proposed approach, several videos containing travelling waves with dif-
ferent patterns and spatial locations were simulated. Also, a real test case using videos of propagating
waves in a pool of water is used to show that the proposed algorithm is suitable for real-world decom-
position scenarios. The main interest of our work is to perform dynamic monitoring on amorphous
structures, such as in industrial process featuring melt pools (e.g. welding), where non-contact and
non-linear monitoring approaches are imperative. Thus, in our work, we are interested in demon-
strating the feasibility of the proposed method for �uid structures.

The remainder of the paper is organized as follows. Section 2 introduces the proposed video-
based BSS framework to perform motion decomposition. Section 3 presents simulated and experi-
mental test results, discusses implementation details and summarizes the results. Section 4 draws the
conclusions and points out some future work directions.
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7.2 Theory

Most video-based techniques, such as digital image correlation [63, 297, 18] and optical-�ow
[298, 299], perform motion estimation by maximizing the image intensity correlation between frames,
i.e. these techniques are based on image intensity. It is well-known that oscillatory movements with as-
sociated periodicity can be characterized by magnitude and phase components extracted from Fourier
transforms. The phase component has been shown to provide reliable information regarding the mo-
tion content of videos [61, 75, 48]. However, for decomposition applications it is not always necessary
to postprocess intensity measured by the imager to estimate motion [328]. Furthermore, for cases such
as observing the out-of-plane displacement of travelling waves, optical �ow can be less relevant because
there is inherently a very complicated relationship between intensity measured by an imager and the
displacement. However, it will be demonstrated in the experimental section that for decomposition
applications not-knowing the nature of this relationship does not have a signi�cant impact on the abil-
ity to perform the decomposition. Therefore, this section presents a novel video-based blind source
separation approach to separate motions from digital videos and to perform frame reconstruction in
order to characterize each type oscillatory movement contained in the original video. Note that the
proposed approach is output-only, in the sense which only video measurements are required, without
any knowledge regarding the position of moving objects or their shape.

7.2.1 Pixel-wise Motion Decomposition

The proposed approach explores the existing correlations between spatial mode shape pat-
terns and the local motion time-series associated with each pixel. This correlation has already been
demonstrated for mode shape estimation using pixel-wise information [48]. To extrapolate these spa-
tial relations, the time-domain information must be locally transformed to highlight periodical fea-
tures.

Wavelet transforms are popular in the image processing community. However, they su�er
from aliasing issues when used for motion representations. As the initial goal is to highlight time fea-
tures, the simplest approach is using Fourier transforms. At �rst, it is assumed that each pixel time-
series x ∈ R𝑛×1 has been generated by a mixing mechanism summing (superimposing) individual
sources s ∈ R𝑛×𝑘 weighted by some mixing component a ∈ R𝑘×1 as

x(𝑡) =
𝑘∑︁

𝑖=1
𝑠𝑖(𝑡) 𝑎𝑖 = sa, (7.1)

where 𝑛 is the number of frames used to compose the pixel time-series and 𝑘 is the number of sources
(motions). Similarly, its correspondent representation in Fourier space can be derived as

ℱ [x(𝑡)] = X(𝜔) = 1√
2𝜋

∫︁ +∞

−∞
x(𝑡)𝑒−𝑗𝜔𝑡𝑑𝑡. (7.2)
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Alternatively, the signal spectrum can be represented in terms of its phase and magnitude

ℱ [x(𝑡)] = X(𝜔) = |X(𝜔)|𝑒𝑗∠X(𝜔), (7.3)

where ∠X(𝜔) and |X(𝜔)| are phase and magnitude components, respectively.

The linear property states that for a set of time-domain signals 𝑠𝑖(𝑡) with Fourier transforms
S𝑖(𝜔) ∀𝑖 = 1, . . . , 𝑘, its corresponding transform of 𝑠𝑖(𝑡)𝑎𝑖 is S𝑖(𝜔)𝑎𝑖. This is written using the
notation [329]

𝑠1(𝑡)𝑎1 + . . .+ 𝑠𝑘(𝑡)𝑎𝑘 ↔ S𝑖(𝜔)𝑎1 + . . .+ S𝑖(𝜔)𝑎𝑘. (7.4)

Therefore, our mixing problem in Fourier space can be written as

ℱ [x(𝑡)] = ℱ [𝑠1(𝑡)𝑎1 + . . .+ 𝑠𝑘(𝑡)𝑎𝑘]

= 1
T

∫︁ +∞

−∞
[𝑠1(𝑡)𝑎1 + . . .+ 𝑠𝑘(𝑡)𝑎𝑘]𝑒−𝑗𝜔𝑡𝑑𝑡

= a
T

∫︁ +∞

−∞
[𝑠1(𝑡) + . . .+ 𝑠𝑘(𝑡)]𝑒−𝑗𝜔𝑡𝑑𝑡

= a{ℱ [𝑠1(𝑡)] + . . .+ ℱ [𝑠𝑘(𝑡)]},

(7.5)

where T =
√

2𝜋. Then, our problem in Fourier space turns into decomposing the spectrum of
ℱ [x(𝑡)] in terms of its fundamental frequency components. In this case, it is assumed that each mo-
tion can be represented using the source-�lter model widely used to analyze the speech production
mechanism and to explain the generation of harmonics [330, 331, 332]. According to the source-�lter
model, the voice timbre is determined by its �lter, whereas the pitch is determined by the excitation
signal [327]. Therefore, following that idea, our problem comes down to �nd an adequate set of �lters
H with the goal of decomposing the spectral content of each pixel time-series x.

At this point, we can use the idea of nonnegative matrix factorizations (NMF) to decompose
nonnegative data. The general principle of NMF-based audio spectral analysis is to separate super-
posed spectral components. As indicated in [326] the NMF is capable of decomposing superposed
spectral components. Consider the columns of V ∈ R𝑛×𝑚 = [|X1(𝜔)|, . . . , |X𝑚(𝜔)|] as contain-
ing the magnitude information of each pixel time-series, where 𝑚 is the number of available pixels.
Note that all entries of V are nonnegative values only. It is possible to �nd a factorization for V in
terms of two unknown matrices W ∈ R𝑛×𝑝 and H ∈ R𝑝×𝑚 such that

V ≈ V̂ = W H. (7.6)

In the approximation of Equation 7.6, W acts as a dictionary of recurring patterns, which is
commonly named as a dictionary of basis; and every line vector of H contains the linear coe�cients
that approximate each column v𝑖 onto the dictionary.
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The literature addresses the NMF problem as a low-rank approximation or factorization shar-
ing intrinsic relations with principal component analysis (PCA) [302] and independent component
analysis (ICA)[303]. PCA assumption is that V can have a lower dimensional representation W de-
rived by orthogonal components H. This is performed by simply minimizing the quadratic cost be-
tween V and its approximate V̂ = W H. ICA is a variant of PCA in which the rows of H are con-
strained to be mutually independent. Furthermore, the vectors on both W and H have no speci�c
order, as opposed to the PCA which has the principal components ordered in terms of variance.

Similarly, NMF consists on minimizing the reconstruction error between V and V̂ with a
negativity constraint over W and H ensuring interpretability to the model factorization. That also in-
duces H to perform part-based representations, which contrasts with standard PCA that leads to holis-
tic representations. The nonnegative constraint turns the approximation to every sample be formed
from building data blocks, and thus the estimated patterns are indeed parts of data [304].

It turns out that when NMF is applied over the magnitude information contained in V the
dictionary W accounts for the spectral patterns observed in all pixels and H their corresponding ac-
tivation vectors [333, 334]. The spectral patterns are directly related to the original motion sources of
𝑠, and H can be used as a set of linear motion �lters.

7.2.2 Basic Alternating Least-Squares (ALS) Method

The factorization in Equation 7.6 can be addressed by the following minimization problem

minimize
W,H

‖V − W H‖F ,

subjected to W ≥ 0,H ≥ 0,

where ‖.‖F is the Frobenius norm, and the explicitly de�ned constraints are used to enforce the non-
negativity of the model. The alternating least-squares (ALS) algorithm [305] is the most common
optimization algorithm to solve the NMF problem. The ALS combines a least squares step followed
by another least squares step in an alternating fashion. The algorithm exploit the fact that the opti-
mization of both W and H is not convex, and thus ill-posed, i.e. problems whose solutions are not
unique and depends on the initial values. However, solving for either W or H, separately, leads to a
convex optimization. Thus, given one matrix at a time, the other matrix can be estimated with trivial
least squares computations.

The algorithm 3 ensures nonnegativity by the simplest method (projection step), which sets
any negative entries on W and H to 0 at each iteration. This simple mechanism also ensures sparsity.
Here, 𝜖 is a hyperparameter used to ensure convergence. Other stop criteria can be used, such as the
number of iterations and the relative slope of the cost function. The main advantage of ALS over
multiplicative algorithms is that whenever an element becomes 0 it must remain 0, which results in
some lack of �exibility, although allowing to escape from local optima. Furthermore, ALS algorithms
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can be faster than other implementations, mainly when SVD- and multiplicative-based schemes are
considered [306].

There is also the problem of estimating the number of nonnegative components 𝑝. The lit-
erature of NMF has several methods for automatically choosing the number of components, such as
the ones based on 𝛽-divergence [318], Support Union Recovery [319] and information entropy [320].
Here, we use the Shannon’s information entropy to select the number of components. First, an initial
guess for the value of 𝑝 is used. Then, Shannon’s entropy is calculated for each of the estimated spec-
tral patterns in W. Then, using a tolerance value 𝛾, the components corresponding with the smaller
values of entropy are selected. The assumption is that the spectral patterns in W related to the mo-
tion sources must present clear responses when compared to components mixed with noise and video
artefacts; thus, these source-related components must present small variance and consequently small
entropy values. Note that in the end the number of components 𝑝 implies in the number of motion
sources 𝑘; thus, the estimated 𝑝 is equal to 𝑘, and at this point both notations can be used interchange-
ably.

7.2.3 Video Motion Reconstruction using Spectral Patterns

Using both W and H it is possible to perform video motion reconstruction using a simple
procedure. Each motion component can be individually reconstructed by

V̂𝑖 = W𝑖 H𝑖, (7.7)

where W𝑖 ∈ R𝑛×1, H𝑖 ∈ R1×𝑚 and V̂𝑖 ∈ R𝑛×𝑚. Therefore, the reconstructed V̂𝑖 can be seen as
the magnitude component of the 𝑖th source for each pixel time-series. This can be easily demonstrated
using the linear property of the Fourier transform.

Hereafter, we use V̂𝑖 ≈ |X(𝑖)(𝜔)| to denote that V̂𝑖 is the decomposed magnitude compo-
nent of the 𝑖th source in Fourier space. From linear property follows that

V = |X(1)(𝜔)| + . . .+ |X(𝑘)(𝜔)|, (7.8)

1 W = 𝑟𝑎𝑛𝑑(𝑛, 𝑝) % Random initialization [306]
2 while ‖V − WH‖F ≥ 𝜖 do
3 WTWH = WTV % Least squares solver for H
4 W𝑖,𝑗 = 0, ∀W𝑖,𝑗 < 0 % Set all negative elements to 0
5 HHTWT = HVT % Least squares solver for W
6 H𝑖,𝑗 = 0, ∀H𝑖,𝑗 < 0 % Set all negative elements to 0
7 end while

Algorithm 3: Basic ALS algorithm [306].
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Figure 49 – Blind source separation scheme for motion decomposition and reconstruction. Each col-
umn of the basis matrix W is the spectral pattern of a given motion, while each row of H is the corre-
sponding activation vectors and refers to each decomposed motion component.

which simply means that V is the superposition of the magnitude component of each motion source.
This implies in

V ≈ V̂1 + . . .+ V̂𝑘 = W1 H1 + . . .+ W𝑘 H𝑘. (7.9)

As each V̂𝑖 corresponds to the magnitude of the 𝑖th motion source, to �nally reconstruct the
original video containing only the motion of the 𝑠𝑖 source, we must to add the phase information back
in order to perform inverse Fourier transform and recover �ltered time-series for each pixel. After that
the pixel time-series must be rescaled and reshaped in order to reconstruct the frames. Note that for
each source, one matrix V̂𝑖 is recovered, which allows one to build separated videos for each source.

Figure 49 illustrates such motion decomposition approach. The �rst step aims to reshape the
input video frames in order to work with each pixel time-series as a single sensor (channel). Note that
the information of the pixel position of those time-series are not important at this phase, as the algo-
rithm is completely time-based. The second step is to process each time-series by applying Fast Fourier
Transform (FFT) to extract both magnitude and phase. Then, the magnitude part is used as input for
the NMF, which give us both W and H. Recall the fact that W represents the bases (or nonnega-
tive components) and H their corresponding coe�cients, we can perform the motion reconstruction
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of individual motion components by using Equation 7.7 for each individual component. Finally, an
inverse FFT is applied for each pixel channel followed by a rescaling factor and reshaping in order to
re-build the video frames.

7.3 Experimental Validation

7.3.1 Validation on Simulated Videos of Travelling Waves

7.3.1.1 Motivation

Recently, notable improvements have been made in imager technology for capturing full-
�eld, time-varying, out-of-plane displacement measurements. Emerging time-of-�ight [335] imagers
are the most notable example. These imagers are capable of capturing simultaneous depth measure-
ments over a 2D grid of points in a stand-o� manner. In contrast, prior depth stand-o� collection of
displacement measurements primarily involved single-point laser or ultrasonic techniques. If displace-
ment measurements were wanted over a given surface it typically required the use of some scanning
mirror technique or physically moving the sensor. As a result, the scanning requirement prevented
the simultaneous capture of displacement measurements. Techniques capable of capturing simulta-
neous depth measurements such as stereo-imagery have existed for some time, however, these tech-
niques have signi�cant challenges accurately measuring subtle out-of-plane displacements, even when
a speckle pattern is placed on the object being observed to enhance contrast. Visible light interferomet-
ric techniques are capable of very sensitive out-of-plane displacement measurements, but these systems
are often too sensitive for applications outside of a laboratory environment, and they generally have a
measurement range that is too restricted for many engineering applications at length scales commonly
encountered by humans. In addition, stepped frequency continuous wave radar imagers operating at
millimeter wavelengths, capable of making depth measurements are becoming commercially avail-
able [336]. There has also recently been advances in the development of shoe-box size terahertz lasers
[337]. Terahertz lasers could be used to build interferometers at with sensitivity at lengths scales use-
ful for many applications. The trajectory of these technology developments, coupled with the success
of remote sensing techniques such as interferometric synthetic aperture radar for detecting small de-
formations in the earth’s surface using measurements from space [338], motivate the development of
algorithms for processing the dynamic data captured by depth imagers for structural dynamics ap-
plications. It is appropriate to start building the theory now, not only to take full advantage of these
imager capabilities as they come online. But also to help guide the development of these imagers by
showing the range of possibilities o�ered by the processing if certain hardware goals are met (spatial
resolution, depth sensitivity, sampling rate).

Decomposition of complicated data into fundamental components to facilitate data inter-
pretation has long a cornerstone of engineering analysis (e.g. modes of vibration, principle compo-
nents, sparse dictionary learning, autoencoders). By disentangling complex phenomena into inter-
pretable parts it is often possible to perform more sensitive analysis and anomaly detection [122]. In
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Table 16 – General speci�cations regarding each test case.

Test Cases Waves frequency Location

Case 1 1000 Hz (1): upper left
(2): lower left500 Hz

Case 2
1000 Hz (1): upper left

(2): lower left
(3): center right

500 Hz
1500 Hz

Case 3

1000 Hz (1): upper left
(2): lower left
(3): upper right
(4): lower right

500 Hz
750 Hz
1500 Hz

Case 4

1000 Hz (1): upper left
(2): upper left
(3): lower right
(4): lower right

500 Hz
750 Hz
1500 Hz

Case 5

1000 Hz (1): center left
(2): center left
(3): center left
(4): center left

500 Hz
750 Hz
1500 Hz

this work we develop a technique based on Non-negative matrix factorization to decompose obser-
vations of multiple travelling waves into components consisting of individual travelling waves. This
analysis technique will eventually be applicable to a variety of engineering applications that would
bene�t from full-�eld, dynamic depth data such as clandestine tunnel detection and characterization,
non-destructive evaluation, and planetary seismology.

Despite advances in depth sensing technology, depth sensors available today still do not have
the depth-sensitivity to reliably quantify phenomena such as waves in water. In order to deal with
this limitation the algorithms are developed using simulations of travelling waves. Despite current
sensor limitations, the theoretical simulations of travelling waves provide an opportunity to evaluate
the performance of the decomposition algorithms. The theoretical development and implementation
of the techniques are now discussed.

7.3.1.2 Data Description

Initially, the proposed video-based BSS approach is evaluated on simulated videos of in-plane
travelling waves. Considering the case of propagating waves over a �uid medium, modal decompo-
sition can be achieved in terms of standing waves decomposition [339]. Our goal is to demonstrate
the feasibility of the proposed approach in terms of the decomposition of travelling waves in videos
simulating wave propagation over a �uid medium (Figure 50). To simulate a camera recording frames
from a top-view perspective, the observer view is perpendicular to the structure surface (Figure 51).
Each video represents di�erent cases of sinusoidal waves travelling on the structure surface at di�er-
ent frequencies, simulating di�erent forces impinging on the structure at various locations. Note that
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(a)

(b) (c)

(d) (e)

Figure 50 – Frames extracted from the 3D videos of each test case: (a) Case 1, (b) Case 2, (c) Case 3, (d)
Case 4 and (e) Case 5. All images correspond to the 50th frame of each simulated video.

the simulations present interfering waves alongside a constant noise of 1𝑒−3 added to the signal wave-
forms. This choice was made to avoid a perfect case study. The model was built using a grid dimension
of 101×51 in both𝑥- and 𝑦-axis at a step size of 0.09. In the simulations the Courant-Friedrichs-Levy
condition is satis�ed [340]. For more details the reader is referred to the available videos.

As shown in Table 16, each wave has speci�c characteristics to distinguish from the others, in
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(a)

(b) (c)

(d) (e)

Figure 51 – Grayscale frames extracted from the rotated videos of each test case: (a) Case 1, (b) Case
2, (c) Case 3, (d) Case 4 and (e) Case 5. All images correspond to the 100th frame of each simulated
video.
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terms of location and frequency. In test Cases 4 and 5, waves are propagating from the same origin,
aiming to simulate di�erent excitations occurring at the same position. Note that for all cases unitary
values of amplitude and phase are used. For the simulations, �nite di�erence method is employed to
simulate interfering sinusoidal waves. The medium has no re�ecting boundaries, thus each wave can
freely propagate beyond the video limits.

Figure 50 shows a three dimensional view of the videos used for all cases. These 3D videos are
shown for illustrative purposes only. As aforementioned, to simulate a camera recording videos from
top-view, the structure plane is rotated to achieve a perpendicular view. Figure 51 shows some frames
collected from the actual videos used in our tests. In order to reduce the amount of data the original
RGB frames are converted to grayscale images. The original videos are attached as supplementary ma-
terial. Each video is 25.6 seconds long with 20fps, composing 512 frames. Note that the frame rate for
the videos is not related to the sampling rate used to create the simulations. In fact, since the frequency
of the simulated waves is quite high (see Table 16), the sampling rate used in those simulations is 10
kHz, which is much higher than the required in the Nyquist sampling theorem. As it is not feasible
to record videos at such high frame rate, we arbitrarily chose 20fps for the simulated videos to help
visualization.

Each frame is 343 pixels high and 434 wide, which approximately corresponds to an aspect
ratio of 62:49. Furthermore, in all of our tests the ALS algorithm uses 1000 iterations to achieve the test
results. For the video-based BSS no further parameter is required. The only preparation is to reshape
the original video frames in terms of pixels. Therefore, the input data has 343 × 434 = 148862 pixel
time-series with 512 snapshots.

7.3.1.3 Case 1

The test Case 1 is meant to simulate a simple scenario of travelling waves over a liquid medium.
In this scenario, only two waves propagate from upper left and lower left edges with corresponding
frequencies of 1000 Hz and 500 Hz. Figure 52 shows the spectral patterns in each extracted basis W1

and W2 using the NMF algorithm.

Recall that the W matrix is regarded to represent the spectral patterns estimated from the
FFTs of all pixel time-series and the H matrix represents the linear coe�cients used to estimate W.
Therefore, Figure 52a presents a strong component at 976.6 Hz; similarly, Figure 52b presents a com-
ponent at 488.3 Hz, approximately half the frequency of the �rst component. One can easily conclude
that the �rst component is related to the travelling wave with a frequency of 1000 Hz, while the sec-
ond one is related to the travelling wave with a frequency of 500 Hz. In both cases, other spurious low
energy components are visible, but they seem not to contribute signi�cantly to de�ne the characteris-
tics of both basis. From both Figures is possible to point out that the spectral decomposition has been
satisfactorily achieved by using the NMF-based algorithm.

In an initial analysis one may be tempted to discard pixels with low variance or pixels in the
neighbourhood of regions far from the origin of those waves. However, a crucial reason this decom-



Chapter 7. Spatio-Temporal Decomposition of 2D Travelling Waves from Video Measurements 140

(a) (b)

Figure 52 – Decomposition of the spectral content of all pixel time-series in Case 1. Each column of
W is the spectral pattern of a speci�c wave and the rows of H their coe�cients. In this case, the input
time-series were decomposed into two spectral patterns.

(a) (b)

Figure 53 – Reconstructed frames using the extracted basis W and their corresponding coe�cients H
for Case 1.

position approach works, is the large amount of redundancy available when using all the pixels. For
applications where security and reliability are crucial issues, redundancy is the best approach to guar-
antee system integrity.

Moreover, in the case of travelling waves, even the pixels with lowest variance still having valu-
able information. Note that those pixels far from the origin point of each wave have a delayed response
due to the propagation of waves; however, their values are also in�uenced by both travelling waves.
And thus, those pixels contribute, in a small percentage, to the process of spectral decomposition.

Since the basis seem to adequately represent two well-de�ned sources, using Equation 7.7 it is
possible to reconstruct two di�erent videos, each one corresponding to each travelling wave (the reader
is referred to the supplementary material for the complete videos). In this case, the Equation 7.7 is
applied twice, deriving the reconstructed magnitude components V̂1 and V̂2. To recover video frames
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(a)

(b) (c)

Figure 54 – Decomposition of the spectral content of all pixel time-series for Case 2. Each column of
W is the spectral pattern of a speci�c wave and the rows of H their coe�cients. In this case, the input
time-series were decomposed into three spectral patterns.

a simple inverse FFT is applied in each column of V̂1 and V̂2, followed by data rescaling and reshaping
in order to derive the original video dimensions. Figure 53 shows two frames of the reconstructed
videos. In Figure 53a, related to the wave with an original frequency of 1000 Hz, the travelling wave
is satisfactorily reconstructed and has a well-de�ned resolution. In counterpart, Figure 53b presents
the wave having a frequency of 500 Hz together with some visible features recalling the �rst wave. It
shows that although its corresponding basis clearly de�ne the second wave it was not able to completely
remove the characteristics of the wave with higher frequency. Two issues can be pointed out as the
reasons for this behavior. First, the ALS method to perform the NMF is prone to get stuck in local
optima; thus, with a su�cient number of iterations and executions the algorithm could better separate
both spectral components. Second, some tests not presented here showed that, in some cases, the NMF
algorithm tends to better decompose high frequency components, which may lead to the problems
observed in the reconstruction of the second wave.



Chapter 7. Spatio-Temporal Decomposition of 2D Travelling Waves from Video Measurements 142

7.3.1.4 Case 2

Test Case 2 aims to simulate a scenario where three travelling waves with distinct positions and
directions propagate through the surface of a structure. In this scenario, the waves have frequencies
1000 Hz, 500 Hz and 1500 Hz. Figure 54 shows the spectral patterns in each one of the extracted basis
W1, W2 and W3.

Similar to the basis for the test Case 1, Figure 54a presents a well-de�ned component at 986.3
Hz; using the same intuition applied to the test Case 1, this component can be associated with the
travelling wave with a 1000 Hz frequency. Additionally, Figure 54b presents a component at 488.3 Hz,
and �nally, Figure 54c presents a component at 1494.1 Hz related to the travelling waves with 500 Hz
and 1500 Hz frequency, respectively.

Using the extracted basis, three reconstructed magnitude components V̂1, V̂2 and V̂3 are
derived using Equation 7.7. After inverse FFT, data rescaling and reshaping, three videos representing
the motion patterns of each separated wave are built.

(a)

(b) (c)

Figure 55 – Reconstructed frames using the extracted basis W and their corresponding coe�cients H
for Case 2.
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Figure 55 shows three frames taken from the reconstructed videos (the reader is referred to the
supplementary material for the complete videos). In all frames, it is possible to reasonably recognize
each separated wave; however, again, the wave with 500 Hz frequency (Figure 55b), presents some
characteristics already seen in the Case 1. Moreover, the reconstructed wave with 1500 Hz frequency
also presents (Figure 55c) some characteristics related to the �rst wave. The reasons for those issues can
be pointed out as the same already discussed for the test Case 1. However, note that these undesired
patterns do not harm the visibility of the separated waves.

7.3.1.5 Case 3

Test Case 3 presents a four-wave scenario, each one propagating from distinct positions to
distinct directions. The waves frequencies are 1000 Hz, 500 Hz, 750 Hz and 1500 Hz. Figure 56 shows
the spectral patterns in each one of the extracted basis W1, W2, W3 and W4. In all bases is possible to

(a) (b)

(c) (d)

Figure 56 – Decomposition of the spectral content of all pixel time-series for Case 3. Each column of
W is the spectral pattern of a speci�c wave and the rows of H their coe�cients. In this case, the input
time-series were decomposed into four spectral patterns.
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(a) (b)

(c) (d)

Figure 57 – Reconstructed frames using the extracted basis W and their corresponding coe�cients H
for Case 3.

verify clear components at 976.6 Hz, 1484 Hz, 742.7 Hz and 488.3 Hz, respectively. Di�erently from
test Cases 1 and 2, the extracted bases are quite clear, without other frequency components standing
out in the spectra. The resulting decomposition of these clear bases can be seen in Figure 57.

Using the extracted basis, four reconstructed magnitude components V̂1, V̂2, V̂3 and V̂4

are derived using Equation 7.7. And then, four separated videos reconstructing each speci�c wave
motion are built. The frames in Figure 57 show well-distinguished waves, and in this case there are no
visible patterns related to the other waves (the reader is referred to the supplementary material for the
complete videos).

This result is mainly in the account of a proper decomposition performed by the NMF algo-
rithm, which is given by the resulting spectral patterns shown in Figure 56. For this speci�c scenario,
the extracted bases are clear and reasonably separate the frequency content of each travelling wave. In
the previous cases, was possible to verify other frequency components arisen from the decomposition,
which harmed the reconstruction process. Note that this behavior is due to the stochastic nature of
the NMF algorithm and the ill-posed characteristics of the decomposition problem. A suggested ap-
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proach to deal with this undesired issue is to perform multiple runs of the algorithm in order to derive
reasonable results.

7.3.1.6 Case 4

Similar to the previous scenario, the test Case 4 presents a four travelling waves. However,
those waves are located in only two positions (two waves located in the upper left edge and other two
waves located in the lower left edge). Their frequencies are the same used in the previous scenario:
1000 Hz, 500 Hz, 750 Hz and 1500 Hz. The goal is to show that for the situations in which external
forces excite di�erent modes of a structure in the same location, the proposed approach still able to
separate those sources.

Figure 58 shows the spectral patterns in each one of the extracted basis W1, W2, W3 and W4.
Di�erently from the previous case, the extracted bases have other spurious frequency components in

(a) (b)

(c) (d)

Figure 58 – Decomposition of the spectral content of all pixel time-series for Case 4. Each column of
W is the spectral pattern of a speci�c wave and the rows of H their coe�cients. In this case, the input
time-series were decomposed into four spectral patterns.
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(a) (b)

(c) (d)

Figure 59 – Reconstructed frames using the extracted basis W and their corresponding coe�cients H
for Case 4.

the spectra. However, it still possible to verify clear peaks standing out, from which is possible to
decompose each one of the desired waves. The corresponding estimated frequency components are
722.7 Hz, 976.6 Hz, 1484 Hz and 488.3 Hz, for each basis. For the proposed case, the harmonics not
in�uence the video reconstructions, as shown in Figure 59.

Similarly, using the extracted basis, four reconstructed magnitude components V̂1, V̂2, V̂3

and V̂4 are derived to build separated videos for each wave. Once again the frames in Figure 57 show
well-distinguished waves, without high-contrast patterns related to the other waves. However, for all
frames, it still possible to see features from the other waves. This is due to the harmonics seen in Fig-
ure 58.

7.3.1.7 Case 5

Finally, the test Case 5 presents the same four waves from the previous cases in the same posi-
tion (center left edge). The waves frequencies remain the same: 1000 Hz, 500 Hz, 750 Hz and 1500 Hz.
The goal of this last simulation is to demonstrate a case in which four di�erent modes are excited in
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(a) (b)

(c) (d)

Figure 60 – Decomposition of the spectral content of all pixel time-series for Case 5. Each column of
W is the spectral pattern of a speci�c wave and the rows of H their coe�cients. In this case, the input
time-series were decomposed into four spectral patterns.

the same position by one or more external forces. This is the most extreme scenario, since the sources
share the same spatial position, and even visually it is hard to distinguish each one of the travelling
waves.

As for the previous cases, Figure 60 shows the spectral patterns in each one of the extracted
basis W1, W2, W3 and W4. Their corresponding main components are 488.8 Hz, 1496.01 Hz, 987.3
Hz and 742.9 Hz, respectively. The �rst two bases have well-distinguished components standing out,
which should count for a reasonable decomposition. However, from the other two bases is possible
to verify other components with high energy, which a�ect the video reconstruction of each source.

Although these issues were observed, the frames presented in Figure 61 show something slightly
di�erent. The frames show that although the aforementioned problems, the video reconstruction was
reasonably performed, since the reconstructed waves are well-de�ned and only for the frames related
to the waves with 1000 Hz and 750 Hz (Figure 61a and Figure 61b) frequencies is possible to observe
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(a) (b)

(c) (d)

Figure 61 – Reconstructed frames using the extracted basis W and their corresponding coe�cients H
for Case 5.

features related to the other waves. However, even for the reconstructions a�ected by the lack of per-
formance in the decomposition, the separated waves still visible and distinguishable.

7.3.2 Experimental Demonstration

As mentioned earlier, full-�eld, dynamic depth sensors that are currently available, do not
have the performance required to capture depth data from media exhibiting traveling wave phenom-
ena. However, it is possible to capture intensity measurements of full-�eld, traveling wave phenomena
from water waves using conventional cameras. It is important to note that the relationship between in-
tensity measured by the camera and the height of the water waves is very complicated and depends on
a large number of factors (e.g., wave height, angle of wave, characteristics of illumination, wavelength
of light, ISO, re�ectance). However, as we show in the following experiment, it is not necessary to
have a perfectly proportional or monotonic relationship between displacement and the measurement
quantity (intensity) in order for the algorithm to disentangle multiple traveling waves.

In this experiment we simply take visual imagery of the motion of a pool of water. There is
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a complicated relationship between the displacement of the water and the intensity measured by the
imager. Regardless, as will be demonstrated, the NMF technique is still able to disentangle the waves
from one another.

Figure 62 – Full view of the The experimental setup to perform video measurements.

(a) (b)

(c) (d)

Figure 63 – A few frames from the original video showing the water dripping into the pool and further
creating interfering waves.
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7.3.2.1 Experimental Setup and Data Acquisition

A laboratory experiment was conducted by dropping water into a pool, producing travelling
waves over the water surface. A small pipe with a tap was installed over the pool to simulate water
droplets and control the water �ow. A stationary camera (Nikon COOLPIX S6300 with a resolution
of 1920 × 1080) with lens focal length of 45 mm was used to perform video measurements at a frame
rate of 30 frames per second. Also, an ordinary �ash light (40 Watts Zaila Mono Led) was pointed to
the pool to increase ambient illumination. Figure 62 shows the experimental setup. The video is 17
seconds long, composing 512 frames. For more e�cient computation, the frames were converted to
grayscale and the pixels downsampled to 351 × 601 (Figure 63).

7.3.2.2 Experimental Results

For this scenario, the method was implemented in the same manner as performed for the sim-
ulation cases. Two nonegative components were extracted after applying the FFT for each pixel time-
series in the video. Figure 64 shows the extracted bases. As evidenced for the simulations, the bases
have various frequency components, although the second one presents a small shift in frequency. The
existence of other frequency components is the same as identi�ed for the simulation cases, which is
given to the appearance of resonant components due to constructive and destructive interference. In
the case of the �rst basis, the frequency of its strongest component is 1.172 Hz, while for the second
basis it is 1.641 Hz.

Figure 65 shows a few frames from the reconstructed video using the �rst basis. Although it
is possible to verify various artefacts, the �rst source is the only dynamic object along the frames, and
as can be observed in the supplementary videos, its motion is synchronized in respect to the original
video. Regarding those artefacts, they are also present in the original video as bubbles in the surface of
the water.

(a) (b)

Figure 64 – Decomposition of the spectral content of all pixel time-series for the laboratory test. In
this case, the input time-series were decomposed into two spectral patterns.
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(a) (b)

(c) (d)

Figure 65 – A few frames from the reconstructed video using the �rst basis only.

(a) (b)

(c) (d)

Figure 66 – A few frames from the reconstructed video using the second basis only.

Also, Figure 66 shows more a few frames from the reconstructed video using the second basis.
Similarly other artefacts not related to the motion of the second source are present. However the shape,
position, and time synchronization of the source regarding the original video are preserved.

https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter6/labExperiment/Source1.avi
https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter6/labExperiment/Source1.avi
https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter6/labExperiment/Source1.avi
https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter6/labExperiment/Source1.avi
https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter6/labExperiment/Source1.avi
https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter6/labExperiment/Source2.avi
https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter6/labExperiment/Source2.avi
https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter6/labExperiment/Source2.avi
https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter6/labExperiment/Source2.avi
https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter6/labExperiment/Source2.avi


Chapter 7. Spatio-Temporal Decomposition of 2D Travelling Waves from Video Measurements 152

7.3.3 Discussions

As demonstrated, the proposed framework for motion decomposition is capable of perform-
ing high-resolution mode decomposition and to reconstruct di�erent types of in-plane motion sub-
jected to varied excitations, even for cases when multiple sources excites the structure surface at same
time. Note that although the motion is in-plane, the motion of the particles being measured by the
imager is considered out-of-plane. For cases with many motion sources, such as the ones presented
in subsubsection 7.3.1.6 and subsubsection 7.3.1.7, where is not possible to infer how many waves (or
modes) are superposed, the simple approach derived in subsection 7.2.2 using Shannon’s entropy is
very useful; other literature approaches to derive the appropriate number of nonnegative components
to extract can also be implemented.

Note that the high-resolution decomposition is achieved by exploring pixel-level information
in order to extrapolate global motion. Higher gains can be expected when applying BSS algorithms,
as the number of channels (pixels) approaches the order of millions in modern imagers.

Compared to other approaches in the literature [48], the one proposed in this work, is funda-
mentally more simple, exploring only the idea of magnitude decomposition together with nonnega-
tive factorization algorithms. In those works, the phase component is the main source of information
guiding their methods instead of the magnitude here used.

Since this work mainly focuses on decomposition algorithm development, the lab experiment
was conducted indoor using an ordinary �ashlight. This experiment shows that if a full-�eld measure-
ment of wave motion can be obtained by any measurement modality (e.g. video, interferometer), then
the decompositions developed in this work can be applied to decompose them for further analysis in
a wide range of applications such as structural health monitoring.

It was found through our experiments that good illumination conditions are required in or-
der to perform adequate decompositions. These e�ects have not been extensively studied and may be
subjected to further studies.

Another drawback of our proposed approach is related to the case of sources with same fre-
quency but di�erent spatial locations. Since our method performs a time-based decomposition, sources
with the same time signature but di�erent spatial positions cannot be separated, although small dif-
ferences in the time characteristics are enough to allow proper decompositions.

Additionally, in the simulated cases we consider the waves in a medium without re�ective
boundaries. However in the lab experiment small re�ections occur in the limits of the pool. Although
those re�ections not a�ect the decomposition process, for cases where the re�ections have same fre-
quency of the sources it is possible to verify a decomposition with both the source and re�ected waves
in the end result.

In almost all of the decomposed spectral patterns presented in the results, it is possible to vi-
sualize varied harmonics. Mainly for the simulated videos. The optimization algorithm described in
Section 7.2.2 for solving the NMF problem has a local search nature, which commonly leads to con-
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vergence problems. In other experiments, not presented here, it has been seen that several runs of the
ALS algorithm along with changes in the initial conditions of the system can bene�t the decomposi-
tions by allowing the algorithm to �ee out from local optima. Additionally, some frequency estima-
tion errors are veri�ed for the simulation results; this is also related to the numerical errors caused by
sub-optimal solutions provided by the ALS algorithm, along with the low frequency resolution in the
simulated data (approximately 19.53 Hz). Note that to increase the frequency resolution one need to
simply acquire more frames.

Regarding the time complexity, the main processing of this approach is retained in the pixel-
wise FTT computations and the ALS algorithm. Although the cost associated with both steps, the
running time is reasonably good for commercial computers. In fact, all the tests here demonstrated
were conducted in a PC described as follows: Operational System Windows 10 Home, CPU Intel®

CoreTM i7-7500U, and 8 GB of RAM. The main concern of this technique is not the time complexity
but space costs due to the matrices operations performed multiple times during the computation of
NMF, the available memory space runs out fast depending on the resolution of the video (i.e., number
of pixels).

7.4 Conclusions

This work demonstrates a technique for disentangling multiple travelling waves from one an-
other when based on knowledge of the wave height or light intensity propagated from the wave and
measured by an imager. Evidence for the ability of the technique to disentangle multiple travelling
waves is provided both in simulation and experiment. Simulations of multiple travelling waves are
performed and the wave displacement results from these simulations are used to disentangle multiple
travelling waves from one another. Furthermore, it is demonstrated that these techniques are able to
disentangle travelling waves from one another, even when a complicated relationship exists between
displacement and the quantity that can actually be measured (e.g. wave height to light intensity mea-
sured by an imager). As depth imager technology continues to improve in terms of depth sensitivity,
spatial resolution, and frame rate, the opportunities for these imagers to be applied to engineering
applications are going to increase and analysis techniques such as those mentioned in this work will
be applicable. This work may also motivate future work into mapping intensity measurements to dis-
placements for improved analysis techniques.

The approach can be e�ciently implemented in a complete output-only basis (i.e., without in-
formation of the sources’ location or excitation nature) and does not require structural surface prepa-
ration. The timing information present in the pixel time-series is explored to infer spatial relationships
by performing magnitude decomposition through nonnegative matrix factorization algorithms. This
magnitude information is then related to di�erent motions captured by conventional imagers from
which the waves are disentangled.

Regarding simulated and experimental results, further tests still required to deal with out-of-
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plane motion and real-world conditions, such as operational and environmental variability caused by
regular operation in structures. Also for the cases of multiple waves at di�erent locations with the
same frequency, an extended version incorporating pixel-wise spatial information is needed.
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CHAPTER8
3D Structural Vibration Identi�cation from

Dynamic Point Clouds

“The saddest aspect of life right now is that gathers knowledge faster than
society gathers wisdom”

— Isaac Asimov, American biochemist and novelist (1920–1992)

“Nothing in life is to be feared, it is only to be understood. Now is the time to
understand more, so that we may fear less”

— Marie Curie (1867–1934)

Abstract

Video-based measurement has received increased attention for modal analysis and nondestructive eval-
uation, playing an important role in the development of the next-generation structural sensing tech-
nologies. As these techniques have evolved, more quantitative approaches based on computer vision
techniques have emerged on full-�eld unsupervised structural identi�cation, exploiting the bene�ts
provided by the use of video cameras such as high spatial sensor density and low installation costs.
More recent work has started to explore the use of laser point cloud data for 3D mapping of scenes
and structures. Sensors such as LIDAR provide huge amounts of measurements at high spatial reso-
lution from which it is possible to estimate accurate structural geometry for applications such as the
generation of CAD models. Unfortunately to-date, the frame rate and depth resolution of LIDAR
and other sensors capable of 3D geometry measurements has not been su�cient for measuring struc-
tural dynamics. In this paper, we introduce an approach for e�cient and extremely high resolution 3D
structural dynamic identi�cation/modal analysis from point cloud data acquired using a commercial,
low-cost, time-of-�ight imager. Vibration mode shapes and modal coordinates are extracted from this
data by forming virtual Lagrangian sensors based on the point clouds parameters. First, time-varying
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point cloud data are collected from a vibrating structure. Then, a mesh of virtual sensors is created
based on the dynamic point cloud data for tracking the structure’s displacement over time. Next so-
lutions to the blind source separation problem are employed to estimate high resolution 3D mode
shapes, modal coordinates, and resonant frequencies. We demonstrate the potential of our proposed
approach on laboratory tests and compare the results to the data collected from conventional laser
displacement sensors. This technique represents an advance towards e�ciently exploring the full ad-
vantages of using dynamic point cloud data for practical monitoring applications and has the potential
to be extended for a wide range of 3D motion decomposition problems.

8.1 Introduction

World-wide large amounts of civil infrastructure are remaining in service beyond its design life-
time. As a result there is an increased need to monitor the structural integrity of this infrastruc-

ture. Systems for health monitoring play an important role in the daily activities of management [14].
Massive volumes of data obtained from monitoring must be transformed in meaningful information
to support the planning and designing maintenance activities, increase the safety, verify hypotheses,
reduce uncertainty and to widen the knowledge and insight concerning the monitored structure.

Usually, the most common sensing approach when performing experimental and operational
modal analysis require physically-attached wired or wireless sensors, such as accelerometers or vibrom-
eters [41, 42, 43, 44, 45]. Those sensor networks can only provide measurements at discrete spatial
points (i.e., sensors positioned at sparse locations of the structure result in poor spatial resolution) and
are usually limited to only a small number of sensors that can be placed over the structure’s surface
[46, 47]. For instance, in civil infrastructures, full-�eld monitoring is hardly achieved, which limits
the performance and range of applications that structural health monitoring can e�ectively be ap-
plied to. As described by Fan et. al [49], the spatial resolution of sensor measurements are critical for
numerous mode shape-based damage identi�cation methods. Also, depending on the measurement
location and acquisition method, wired sensors are unpractical as structures are becoming taller and
larger [341], and have a short lifespan, which requires a large amount of human and economic cost
for maintenance [342]. For other applications, mass-loading e�ects change the actual vibration re-
sponse of a lightweight structure. These e�ects are particularly problematic for �nite element model
updating applications such as those found in aerospace applications [343, 344]. With these evolving
requirements, novel sensing methods must cover large amounts of structural surface area at high res-
olution, with low installation costs, and provide online monitoring [14]. For these cases, non-contact
approaches are promising alternatives, as their implementation can provide most of the aforemen-
tioned requirements.
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Video-based structural dynamics techniques have demonstrated clear advantages in terms
of cost, speed and spatial resolution, which has resulted in increased research e�orts for developing
imager-based techniques for modal analysis. Currently, video-based techniques have been intensively
explored for the extraction of modal parameters on a frame-by-frame basis, i.e. measurements of dis-
placements are often obtained by determining the relative position of a structure throughout time
[70, 71, 118, 345]. Although most video techniques o�er the advantage of non-contact measurements,
they typically rely on speckle patterns or high-contrast markers positioned on the structural surface
[346, 119]. They are mainly used during the camera calibration process. In this case, a series of photos
are recorded from a �xed pattern, that can include coded targets, uncoded targets, or a combination
of both. The problem with this resides when monitoring from distance is needed, since direct access
to the structure’s surface is often required. Most techniques, based on point tracking, identify the co-
ordinates of these discrete patterns mounted over the monitored structure. Point tracking algorithms
determine the displacements of the targets by tracking the optical targets in di�erent time stages and
comparing their coordinates to the reference stage. Thus, the spatial position of these high contrast
areas are monitored in time over the frames to compute local deformations using image intensity cor-
relation or feature-point tracking [70, 71]. Moreover, that approach relies on the spatial context of
spatio-temporal data (frames), similar to those seen in optical-�ow [61, 72, 73, 74] and digital image
correlation [347, 348, 349] methods.

More recently, new computer vision techniques for motion magni�cation were introduced to
visualize small motions from video measurements [350], with applications to video-based structural
dynamics [351, 352, 353]. These techniques are intimately linked to a previously proposed Lagrangian
framework for �uid dynamics [354]. Despite some impressive applications for video-based modal anal-
ysis, most researches on video dynamics are still relying on a single premise: 2D motion analysis.

Alternatively to camera-based techniques, laser scanning technologies provide high-resolution
sensing capacity without the mass-loading e�ect. With a vast number of applications in civil engineer-
ing, the main usage is to perform detailed documentation (inventory and inspection) of large infras-
tructures [355, 356], providing a huge amount of accurate data. However, these sensors make sequential
measurements that require considerable acquisition time [50, 51, 357], although on-board applications
have been demonstrated [52]. Moreover, together with the increasing density of scan data, this solu-
tion has created a big-data problem that cannot be handled by traditional data management systems
in terms of storage, processing and interpretation [358].

Amid the various laser-based technologies available, outdoor laser scanners, such as Lidar
mapping systems [359, 360], have particularly become important tools to rapidly acquire large-scale
3D point cloud data for real-time monitoring, with jointly providing accurate 3D geometrical infor-
mation of the scene, and additional features about the re�ection properties and compactness of the
surfaces [361], being mainly applied to the calibration of �nite element models [362]. Compared to
conventional camera systems, Lidar sensors have a number of bene�ts, from robustness against il-
lumination changes or weather conditions to highly dense 3D mapping. Other bene�t that worths
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mention is that Lidar saves computing power for tasks like depth estimation. While multiple cameras
are need to gather reliable depth estimation on a stereo basis, Lidar can immediately indicate the dis-
tance to an object and its direction based on the time di�erence between the emission of a laser pulse
and its return to the sensor, after being re�ected by an object, which is the principle of time-of-�ight
(ToF) imagers [363, 364].

A main characteristic of the point clouds datasets acquired using Lidar is the static nature of
these 3D maps. With the advent of virtual and augmented reality comes along a new requirement: live
recording of three-dimensional motion experienced from any point of view. This content ranges from
static 3D objects to the capturing of the dynamics of moving (or vibrating) non-rigid objects, such as
people, cars, and civil or mechanical infrastructures.

In its third and most recent version, the Azure Kinect DK introduces a 1 Mega Pixel ToF depth
sensor providing 640 × 576 spatial resolution at 30 fps or 1024 × 1024 at 15 fps [335, 365, 366], also
embeded with a 12 Mega Pixel RGB camera using a CMOS rolling shutter sensor operating at 30 fps
at full resolution. After Kinect’s �rst generation utilizing the PrimeSense technology that projects an
infrared (IR) [367, 368] pattern and uses a conventional IR sensor array to detect the re�ection to per-
form depth estimations and create 3D maps [369, 370, 371], its current version switches to a ToF-based
imaging technology. Implementing an Amplitude Modulated Continuous Wave (AMCW) ToF prin-
ciple, the imager modulates near-infrarred (NIR) light signals onto the scene, and then it indirectly
measures the time that the light takes to travel back and forth to the scene. After, these measurements
are processed to generate a depth map with millimeter resolution. Operating with a similar technol-
ogy employed on Lidar sensors, the Azure Kinect is one of the prime ToF-based imaging technology
to facilitate the acquisition of dynamic point clouds at 30 fps, which makes it suitable to attempt
the creationg of imager-based structural dynamics algorithms for full-�eld and high-resolution three-
dimensional modal identi�cation.

In this paper, we introduce an initial step towards transitioning the current modal analysis
techniques to full-�eld 3D measurements using a cheap and ready-to-use commercial imager. By ex-
ploring the ToF sensors coupled with the third generation of the Azure Kinect [335], we are able to
estimate real-time dynamic point clouds at high spatial resolution, with the potential for capturing
many thousands of measurement points at 30 fps. Point cloud applications are often limited by huge
computational loads in the processing of static point cloud data [372, 373, 374, 375]. In the case of
dynamic point clouds, the number of points change dynamically over time due to changes in envi-
ronmental noise, illumination conditions, and the dynamics of moving objects. For this reason is not
possible to directly use the points in the cloud as e�ective measurements, because the same point may
not be sampled twice. To deal with this issue, we propose a Lagrangian approach to simulate virtual
sensors and to estimate displacements from dynamic point cloud data. Instead of measuring a small
set of locations using physically attached sensors, we can create a dense mesh of virtual Lagrangian
sensors that capture real-time 3D motion from a dynamic point cloud. These virtual sensors are cre-
ated from an adaptive numerical model that �ts to the dynamic point cloud. With this model we can
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Figure 67 – Dynamic point cloud of a vibrating stainless steel plate (left) and a very dense grid of
Lagrangian sensors on top of the point cloud data (right). The grid is densely sampled to achieve
the goal of high resolution modal analysis, as opposite from what is traditionally performed using
physically attached sensors. Due to high-costs, mass loading e�ects and also spatial density limitations,
the same type of measurement using conventional displacement sensors is not feasible. In this case, we
created 142.186 sensing points, which allows for full-�eld 3D monitoring for the entire structure. The
number of points can be arbitrarily chosen.

estimate the displacements from the structure over time at several locations, similar to what would be
performed using conventional sensors. Then, with the displacements at hand, we can apply solutions
to the blind source separation (BSS) problem to identify modal parameters and visualize 3D mode
shapes. It is shown that bending and torsional modes can be confortably estimated from this point
cloud-based strategy.

The following sections introduce the proposed full-�eld modal analysis from dynamic point
cloud data using a virtual Lagrangian-based measurement scheme and blind source separation to iden-
tify 3D mode shapes. We �rst introduce the theory behind our proposed approach, followed by lab-
oratory results obtained over an aluminum plate, which compare the modal information obtained
from the dynamic point cloud and conventional laser displacement sensors. Finally, �nal conclusions
and remarks for future studies are suggested.

8.2 Motion Tracking by Virtual Lagrangian Sensors

Given a sequence of time-varying point cloud data, we de�ne a densely populated grid of
three-dimensional points (Figures 67 and 68). Each point in this grid is used as a measurement point
for the motion tracking procedure. The goal is to generate virtual Lagrangian sensors by, allowing the
e�cient measurement of displacements at thousands of points across the structure’s surface. In the
case of Figures 67 and 68, we are able to densely monitor the structure using 142.186 virtual Lagrangian
sensors for dynamic point cloud data with approximately 110.000 points. Note that the number of
points in the point cloud data is not constant across time. As a result this modelling step is imperative
to enable the measurement of motion in the same structure locations over time. Also, the number
of virtual sensors can be arbitrarily chosen, and randomly sampled from the model. The concern is
to sample the same points across time to simulate real sensors placed on the structure’s surface as
the points in the dynamic cloud are not suitable to directly use since the number of points change
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Figure 68 – Dynamic point cloud tracking using polynomial modelling modelling approach. From
the dynamic point cloud data (top row) a polynomial model is created and then a set of positions in
the X- and Y-directions (bottom row) are sampled to measure the displacements in the Z-direction
from the same positions on the plate over time (linked to Media1). Thus, one can easily obtain dis-
placement measurements from thousands of positions in the same way one could perform using the
same number of physically attached sensors (linked to Media2).

dynamically.

The dense number of sensing points is achieved by �tting a three-dimensional polynomial
model over the point cloud data. A �xed set of points are sampled from the X- and Y-directions to
measure displacements in the Z direction over time. Thus, motion is tracked on the same locations
of the structure once the values for the Z-axis are interpolated by �tting the model. This process is
repeated across time by �tting the three-dimensional model for each of the acquired point cloud data.
Note that the model does not use any information regarding structure’s properties or dimensions,
instead, this unsupervised model is purely data-driven.

The displacement time series are the di�erence between the square root of the current posi-
tion, 𝑧𝑖

𝑛𝑒𝑤, of the 𝑖th virtual sensor to its previous one, 𝑧𝑖
𝑜𝑙𝑑, as in Equation 8.1, corresponding to a

Lagrangian-type measurement once the values of the structure coordinates do not vary along time.
Therefore, the end result of the motion tracking is a matrix Δ𝑧 ∈ R𝑛×𝑚 with displacement measure-
ments, where 𝑛 is the number of dynamic point clouds (temporal dimension) and 𝑚 the number of
virtual Lagrangian sensors (spatial dimension).

Δ𝑖
𝑧 = 𝑧𝑖

𝑛𝑒𝑤 − 𝑧𝑖
𝑜𝑙𝑑. (8.1)

8.3 Blind Identification of 3D Vibration Modes

8.3.1 Dimensionality Reduction

Once the vibration motion Δ𝑧 is encoded into the motion time series from the dynamic point
cloud data, we can directly apply conventional modal identi�cation techniques over the collected time
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series. Here, we employ a recent developed class of algorithms for blind identi�cation and visualization
of vibration modes from video measurements [308, 309, 48].

Since our ultimate goal is to perform high resolution modal identi�cation, it is desirable to
use hundreds of virtual Lagrangian sensors. Thus, the �rst step for modal identi�cation is to perform
dimensionality reduction on the basis of Principal Component Analysis (PCA) over the motion time
series. The goal is to factorize Δ𝑧 in terms of two unknown matrices U ∈ R𝑚×𝑚 and V ∈ R𝑛×𝑛

such that U and V are the left- and right-singular vectors obtained by the eigenvalue decomposition
(EVD) of the covariance matrix from Δ𝑧 through Singular Value Decomposition (SVD) [376].

From a structural dynamics point of view [308, 309], it has been shown that for an undamped
or very lightly damped structure, if its mass matrix is proportional to the identity matrix (i.e., uniform
mass distribution), then the principal directions will converge to the mode shape direction [307, 48]
with the corresponding singular values indicating their participating energy in the structural vibration
responses, which means that the active structural modes are projected onto a very small number of 𝑟
principal components

𝜂 ≈ Δ𝑧Uᵀ
𝑟 , (8.2)

where U𝑟 is the �rst 𝑟(≪ 𝑛) columns of U, and ᵀ denotes the transpose operation.

At this point, it is important to highlight the role being played by both U𝑟 and 𝜂. As PCA is
applied over the motion time series, 𝜂 ∈ R𝑛×𝑟 accounts for a temporal decomposition with each col-
umn 𝜂𝑖 indicating the time pattern of a speci�c vibration mode. On the other hand, U𝑟 incorporates
a spatial decomposition with each row U𝑖, when properly reshaped, resembling the corresponding
vibration mode shape. Thus, when considering both 𝜂 and U𝑟 we have a 2D spatio-temporal decom-
position.

8.3.2 Blind Identification of 3D Modal Parameters

Although 𝜂 accounts for the vibration patterns extracted from the dynamic point cloud data,
as mentioned in [307] and also highlighted by [48], the uniform mass distribution assumption is usu-
ally not satis�ed, which makes each component 𝜂𝑖 still a mixture of modes and can be approximated
as a linear combination of the modal coordinates

𝜂 = qΨ =
𝑟∑︁

𝑖=1
𝑞𝑖𝜓𝑖, (8.3)

where q ∈ R𝑛×𝑟 is the modal response matrix with 𝑞𝑖 being the 𝑖-th modal coordinate, and Ψ𝑟×𝑟 is the
mixing matrix. Using the relationship between the extracted components and the modal coordinates
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observed in [48] leads to

Δ𝑧 ≈ qΨU𝑟 = U𝑟

𝑟∑︁
𝑖=1

𝑞𝑖𝜓𝑖 =
𝑟∑︁

𝑖=1
𝑞𝑖(𝜓𝑖U𝑟). (8.4)

Comparing Equation 8.4 to Equation 8.3, high resolution mode shapes with resolution equal
to the number of virtual sensors are given by

Φ = U𝑟Ψ−1, (8.5)

where Φ ∈ R𝑟×𝑚 is the mode shape matrix with each 𝜑𝑖 as the 𝑖-th mode shape. Similarly, modal
coordinates can be estimated by

q = U𝑟Ψ. (8.6)

The mixing matrix Ψ can be estimated by simply applying a BSS technique to solve the lin-
ear mixture problem stated in Equation 8.3. As previously demonstrated [308, 309], the complexity
pursuit (CP) algorithm [310] can very e�ciently estimate closely spaced and highly damped modes
with small user supervision, and is therefore adopted here. Other modal parameters, such as resonant
frequencies and damping ratios, can be further estimated using conventional Fourier transform and
logarithmic decrement techniques.

Note that in this case the mode shapes in Φ are related to the motion in the Z-axis. Thus,
in order to visualize a three-dimensional mode shape, the �xed X- and Y-coordinates for the virtual
sensors can be used along with the mode shapes in the Z-axis for visualization of 3D modes.

8.3.3 Modal Dynamics Visualization

To reconstruct each independent mode for visualization only, we can use Equation 8.3 and
Equation 8.2 for a given mode 𝑖. First, multiplying the individual modal coordinate 𝑞𝑖 in Equation 8.3
by a magni�cation factor 𝛼 and the other ones by a decaying factor 𝛽 we have

𝜂𝑖 = (𝛼𝑞𝑖)𝜓𝑖 + 𝛽
𝑟∑︁

𝑗=1,∀𝑗 ̸=𝑖

𝑞𝑗𝜓𝑗, (8.7)

where 𝜂𝑖 is the reconstructed temporal component after reconstruct the 𝑖-th mode. After that we can
utilize the mode shape matrix Φ as our new set of spatial components, substitute into Equation 8.2
and then reconstruct a scaled version of the original measurement with the 𝑖-th mode enhanced by
applying

Δ̂𝑧 = 𝜂𝑖Φ. (8.8)
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The end result is a scaled version of the original video by a factor 𝛼 while removing the other
modes using a decaying term 𝛽. Other modes can be arbitrarily recovered for visualization purposes
following the same procedure.

8.4 Estimating 3D Modal Parameters from Dynamic Point

Cloud Data

8.4.1 Data Acquisition with Azure Kinect Depth Sensor

A laboratory test was conducted to estimate modal parameters from a stainless-steel plate
structure measuring 65 cm long by 30.5 cm wide. Figure 69 shows the experimental setup used to
conduct the experiments along with the plate structure. To avoid buckling e�ects the plate was sus-
pended and clamped (Figure 69, left). A Microsoft Azure Kinect camera featuring a depth sensor for
3D dynamic point cloud data acquisition was used for data acquisition. In this case, the Kinect is able
to reach sampling rates up to 30 frames per second (30 Hz sampling rate), which is also the maximum
sampling rate it can achieve for dynamic point cloud data acquisition.

Figure 69 – Experimental setup for dynamic point cloud data acquisition. A stainless steel was
clamped in the ceiling of a cage-like structure to avoid buckling e�ects (left). An Azure Kinect cam-
era with a time-of-�ight sensor was positioned perpendicular to the plate surface to allow a complete
view of the structure (right). Then, a modal hammer was used to excite the �rst three vibrations of the
structure at once. Three laser sensors were used along with an oscilloscope for comparison purposes.

In accordance to the Nyquist limit, this sampling rate should be enough to estimate resonant
frequencies up to 15 Hz. Thus, we carefully choose a plate whose �rst three resonant frequencies were
under 15 Hz when measuring with laser displacement sensors. It should be noted that for rigid objects
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with high resonant frequencies the modal parameters can be estimated from the dynamic point cloud
data with short clips of high-speed data acquisition systems. Deformable objects with low resonant
frequencies can be captured with longer but lower data acquisition sampling rates. To take into ac-
count this trade-o�, we carefully choose a plate whose �rst three resonant frequencies were under 15
Hz when measuring with laser displacement sensors. The dynamic point cloud data were collected
over 7.6 seconds at the maximum sampling rate of the imager (30 frames per second), which gives us
a frequency resolution of 0.1304 Hz. Thus, allowing reasonable comparisons between what is being
captured from the developed imager-based approach and traditional displacement sensors.

Figure 70 – Identi�ed vibration modes in a stainless steel plate: (Left) average spectrum for laser sen-
sors measurement. (Top right) recovered average spectrum from the collected time series on the dy-
namic point cloud data. (Bottom right) Corresponding 3D mode shapes and their identi�ed modal
frequencies.

Figure 71 – The eigenvalue distribution of the covariance matrix of the structural responses from the
proposed vision approach (left) and the laser sensors (right).
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Figure 72 – The principal components and their power spectral density (PSD) of the structural re-
sponses from the proposed vision approach (left) and the laser sensors (right).
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Generally, the Kinect’s depth sensing system is able to collect up to one million points describ-
ing a whole scene. However, for our purposes, we are only interested in the point cloud region with
the plate structure; for that we select only the point cloud data related to the vibrating plate (Figure
67 left). Also, as part of the sensing system, each point is assigned an RGB color intensity matching
the whole scene. The most naive approach to assign speci�c colors to 3D clouds is directly overlapping
the depth and color images and then assign the RGB values from the color image to the points in the
cloud. The problem with this approach is that both depth data and color images are not aligned. To
solve this issue, data registration is performed before overlapping the dept and color images. In this
case, the iterative closest point algorithm is used for registration [377]. A detailed visualization of the
dynamic point cloud video data can be found in the supplementary material (linked to Media1). The
illumination environment was the ordinary indoor lighting condition without any external illumina-
tion enhancement.

For comparison purposes, three laser displacement sensors were used along with an oscillo-
scope to estimate displacements at di�erent locations of the plate. The sensors were positioned at 18
di�erent locations at di�erent moments to reliably perform frequency analysis. Before the recording,
the structure was excited by a modal hammer impacting several di�erent locations on the plate to �nd
a point at which a single impact could excite the �rst three vibration modes at once. The impact point
(at which the �rst three modes could be excited), highlighted in Figure 69, received a single hit in the
moment of the recording to create the needed excitation.

8.4.2 Motion Time Series Acquisition by Virtual Lagrangian Sensing

The virtual Lagrangian sensors were de�ned in accordance to the procedure described in Sec-
tion 8.2. In this case, 142.186 virtual Lagrangian sensing points were de�ned throughout the point
cloud data, which is much more than the number of points in the cloud data for the plate (approx-
imately 110.000 points). This is done by simply interpolating the same points across time from the
model.

Figure 68 shows a few dynamic point clouds sampled from the Azure Kinect along with the
Lagrangian sensing points depicted in blue (for more details see Media1 and Media2). From the
changes in the position of the virtual sensors, motion time series were created for each of the sens-
ing points, which results in 142.186 motion time series.

For initial comparisons, Figure 70 shows the average spectrum from the laser data compared
to the average spectrum from all motion time series collected from dynamic point cloud data. How-
ever, for the goal of modal identi�cation, the modal frequencies must be estimated after blind source
separation only [308].
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8.4.3 Blind Estimation of Modal Parameters

Following the procedure described in Section 8.3, PCA was applied over the raw motion time
series from point cloud data to extract both temporal and spatial components. In this work, 3 principal
components were extracted to estimate the �rst three structural modes. Since the time resolution of
the Kinect camera does not allow higher sampling rates, it was not possible to estimate higher modes.
For both the proposed approach and the laser data, Figure 71 shows that there are only 3 active eigen-
values, suggesting that most of the modal components have been projected onto the �rst 3 principal
components, which are depicted in Figure 72. It has also been shown in Figure 72 that while each of
the 3 principal components contains one dominant mode of the three modes, respectively, it is still a
mixture of the 3 modes, requiring the use of complexity pursuit to completely separate those modes.
The principal components provide good estimation of modal participation ratio in the sense of the
energy when the monitored structure is under free vibration or subjected to impact load [378]. How-
ever, these estimations are strongly dependent on the orthogonality of the modal response and mode
shapes, which is not always true in real applications [379].

For comparison purposes, the blind identi�cation process using complexity pursuit [310] was
applied for the laser sensors data. Figure 73 shows the respective modal coordinates along with their

Figure 73 – Modal coordinates and their power spectral densities (PSD) estimated using the blind
identi�cation approach from the laser data.
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PSDs. After applying CP on their corresponding principal components according to Equation 8.6,
the resulting modes still a mixture of multiple nodes (shown in Figure 73). Although the mixing of
modes can bias some analysis, it is possible to point out the �rst three modes. In this case, the resonant
frequency estimated for the �rst bending mode is 1.35 Hz, while the �rst torsional mode and the second
bending mode frequencies were identi�ed as 4.10 Hz and 7.45 Hz.

Alternatively, after applying PCA, complexity pursuit [310] was used over the principal com-
ponents extracted from the point cloud measurements. The three identi�ed modal coordinates q𝑖

(𝑖 = 1, . . . , 3) are show in Figure 74 along with their given PSDs. The resonant frequency of the �rst
bending mode was estimated at 1.30 Hz. The �rst torsional mode has a modal frequency of 3.91 Hz,
while the second bending mode a frequency of 7.56 Hz. Looking past the frequencies estimated from
the laser data (see Table 17), one can verify that the modal frequencies from the point cloud data are
consistent. However, di�erently from the PSDs shown for the laser data, the spectra from the modes
out from the point cloud data have clear peaks indicating the dominant frequency of the mode. Al-
though still requiring further investigation, environmental and sensor noises are probably the main
source for the other peaks standing out in the spectra.

For comparison purposes, the blind identi�cation process using complexity pursuit was ap-

Figure 74 – Modal coordinates and their power spectral densities (PSD) estimated using the blind
identi�cation approach from the imager-based approach.
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plied for the laser sensors data. Figure 73 shows the respective modal coordinates along with their
PSDs. After applying CP on their corresponding principal components according to Equation 8.6,
the resulting modes still a mixture of multiple nodes (shown in Figure 73). Although the mixing of
modes can bias some analysis, it is possible to point out the �rst three modes. In this case, the res-
onant frequency estimated for the �rst bending mode is 1.35 Hz, while the �rst torsional mode and
the second bending mode frequencies were identi�ed as 4.10 Hz and 7.45 Hz. As shown in Table 17,
those estimated modal frequencies are in coherent with those estimated by the proposed imager-based
approach.

Table 17 – Estimated resonant frequencies (in Hz) for the stainless steel plate using the Lagrangian-
based sensing approach for the dynamic point cloud data compared to those from the laser sensors.

Mode Lagrangian sensors Laser sensors
First Bending 1.30 1.35
First Torsional 3.91 4.10
Second Bending 7.56 7.45

With the modal coordinates in hand and the mixing matrix Ψ estimated by the complexity
pursuit algorithm, 3D high resolution mode shapes could be estimated using Equation 8.5. The mode
shapes are shown in Figure 75. Note that, as opposed to the resolution obtained from conventional
sensors (in this case the maximum resolution is three), the mode shapes obtained here are of the same
spatial resolution as the number of virtual Lagrangian sensors in the point cloud data. Note that from
Figure 75 one may think the mode shapes were plotted as a surface. However, as the mode resolution
is equal to the number of Lagrangian sensors being used (142.186 sensing points), the visualization of
the mode shapes appears as a solid surface structure, instead of point-wise locations.

8.4.4 Visualization of 3D High Resolution Mode Shapes

The mode shapes were then modulated by the modal coordinates to enable the reconstruction
of the independent vibration mode responses. To reconstruct the �rst 3D bending mode, for instance,
the visualization scaling factor was set to 𝛼 = 100 and the decaying factor was set to 𝛽 = −1 for all
remaining modes. As a result, the motion for the �rst bending mode was enhanced by performing
𝛼𝑞1 as the other vibration motions were reduced by performing 𝛽𝑞2 and 𝛽𝑞3, yielding 𝜂1 = 𝛼𝑞1 +
𝛽(𝑞2 + 𝑞3). When enhancing the other modes, the visualization parameter associated with the modal
coordinate modulation was also set to 𝛼 = 100 and 𝛼 = 100 for 𝑞2(𝑡) and 𝑞3(𝑡), which correspond
to the �rst torsional and second bending modes, respectively.

For illustration purposes, several frames from the independent 3D mode shapes are shown
in Figure 76 and also in Media3. For comparison purposes, the amplitude of the mode shapes were
normalized to the range [−500, 500]. Note that those mode shapes are in perfect agreement with the
expected geometry and behavior for their respective modes [380, 381]. The success of the decompo-
sition method can be clearly seen when verifying the supplementary material. In Media4 we have

https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter7/Media3.avi
https://github.com/MoisesFelipe/COMPUTER-VISION-AND-MACHINE-LEARNING-TECHNIQUES-FOR-MODAL-ANALYSIS-AND-DAMAGE-DETECTION/blob/master/Chapter7/Media4.avi


Chapter 8. 3D Structural Vibration Identification from Dynamic Point Clouds 170

reduced the frame rate to 10 frames per second for better visualization of the individual modes. To vi-
sualize each one of the separated modes the reader is referred to Media5, Media6 and Media7, which
show the �rst bending mode, �rst torsional model and second bending mode, respectively. In those
videos, each of the videos indeed contains only the vibration motion of one single dominant mode. For
comparison purposes, Media8 shows the original motion captured by the virtual Lagrangian sensors.

8.4.5 Summary of the Proposed Method

The proposed output-only 3D modal identi�cation technique for point cloud data can be
performed blindly and autonomously performed using only the dynamic point cloud measurements
of the structure. Summarizing those presented as per Equations (1)–(8), Figure 77 shows the �owchart
which undergoing the following steps:

1. The dynamic point cloud tracking carries on the building of a mesh of virtual Lagrangian sen-
sors to capture the motion of the structure at several locations along time. The position of the
𝑖th virtual sensor is given by 𝑧𝑖. This process may or not involve a downsampling step which
purpose is to speed up the processing. Motion time-series Δ𝑧 are then estimated from each
virtual sensor using Equation 8.1.

2. As this mesh of virtual sensors must be densely populated to achieve high-resolution estima-
tion, the time-series Δ𝑧 are temporally decomposed by PCA to obtain 𝑟 active principal com-
ponents 𝜂 with active non-zero singular values. Then perform BSS on 𝜂 to obtain the modal

Figure 75 – Very high resolution 3D mode shapes (number of points equal to the number of La-
grangian sensors) estimated from the point cloud data using the blind identi�cation approach based
on PCA and blind source separation. The estimated modes are in agreement with those predicted by
the dynamic theory of plate-type structures.
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Figure 76 – A few temporal frames from the motion magni�ed 3D videos for each one of the vibration
modes (linked to Media3).

coordinates 𝑞𝑖 (𝑖 = 1, . . . , 𝑟), from which estimate the modal frequencies and damping ratios,
and the mode shapes Φ.

3. Finally, visualize the mode dynamics by scaling and reconstructing the 𝑖th mode 𝜑𝑖 using a
magni�cation factor 𝛼 and a decaying term 𝛽.

8.5 Discussions

The proposed approach demonstrated in this work performs a spatio-temporal mode decom-
position by leveraging the point cloud dynamics, from which high resolution modal parameters can be
easily estimated. The proposed approach is completely automated and is implemented in an unsuper-
vised fashion without any information regarding structure dimensions or properties. Higher gains can
be achieved when applying this blind identi�cation approach, since the number of sensing points can
be arbitrarily de�ned, approaching the order of millions for large structures. Also, signal-to-noise ratio
can also be drastically increased by coherently averaging the response from adjacent sensing points, as
the result of the large amount of redundant information carried out in videos of vibrating structures.

Regarding alternative approaches for imager-based modal analysis, our stands out one of the
�rst techniques to obtain high resolution modal parameters from dynamic point cloud data based on
currently published literature. To the best of the authors knowledge, there are currently no other ap-
proaches published elsewhere attempting a similar goal using dynamic point cloud data while achiev-
ing the same level of results. In comparison, currently studies are mostly limited to the analysis of
static point cloud models with overall applications on the calibration of physics- and numerical-based
models [345].

The high-resolution, full-�eld modal identi�cation technique autonomously estimates modal
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Figure 77 – We introduce the �rst attempt to process and extract 3D modal parameters from dynamic
point cloud data in a complete automated and unsupervised fashion. Initially, dynamic point cloud
data is recorded using a time-of-�ight imager. Then, the data is processed by �tting a polynomial model
to the point cloud data in order to sample the changes in position of the same set of points on the
structure, which accounts for a Lagrangian measurement-type. At this point, downsampling the point
clouds is optional and only increases the speed of processing. After, blind identi�cation of vibration
modes is performed using principal component analysis and blind source separation algorithms over
motion time series estimated for each one of the monitored coordinates of the structure. From this
step, most modal parameters are estimated, such as mode shapes, resonant frequencies, modal coor-
dinates and damping rations. Finally, the mode shapes and modal coordinates are used to reconstruct
the motion of the independent vibration modes. The key point of this whole approach is the esti-
mation of displacements from the point cloud data, which alternatively to other approaches dealing
with static point clouds, here, we are able to very e�ciently process and infer in real-time structural
properties out from dynamic point cloud data.
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coordinates without any knowledge regarding the modal frequencies, and thus reconstructing indi-
vidual vibration modes by increasing or decreasing the amplitude of their given modal coordinates.
Compared to other video-based structural dynamics techniques [76], our proposed method removes
the need for optical-�ow computation to estimate displacements. Instead, we explicitly collect struc-
ture displacements by dynamically tracking �xed positions on the structure’s surface, resulting in a
set of virtual Lagrangian-type measurements. Moreover, by reconstruction the vibration motion over
its modal components, we avoid the problem of increasing close-spaced modes, which is a clear issue
when using the techniques presented in [76].

The main challenge to be addressed in future research, is the �tted model used to interpolate
the same positions along time for displacement estimation. In this case, we simply employed a three-
dimensional polynomial function of the type

𝑧(𝑡) = 𝑝0 + 𝑝1𝑥(𝑡)2 + 𝑝2𝑥(𝑡) + 𝑝3𝑦(𝑡) + 𝑝4𝑥(𝑡)𝑦(𝑡). (8.9)

For the case of plate-type structures a simple model as this is enough to reliably model the
whole structure. However, for more complex cases, such as ball- or square-shaped structures, the
number of required coe�cients for modelling can be far larger than what was used here. For those
cases, a possible direction is to leverage the use of spline and isogeometric models. Another issue is re-
garded to the sensor used for imaging. In this case, we used time-of-�ight sensors from the Microsoft
Azure Kinect cameras for data acquisition. Note that this imager was used for the purpose of proof-
of-concept in a laboratory application, with the aim to demonstrate that our proposed technique is
capable to work on low-cost imagers in controlled environment. For practical or outdoor applications,
time-of-�ight sensors with higher sampling rate (or even spatial resolution) are required for achieving
real-world modal analysis.

Regarding the test case scenario, the experiments conducted here were carried out indoor with
ordinary and stable illumination conditions, thus the e�ects of environment light were not extensively
studied and requires further investigation, mainly for outdoor applications. Also, additional tests with
multiple Kinect cameras to perform 360∘ modal analysis are still needed to further investigate the
performance of the method when multiple sources of data at very di�erent locations and perspectives
are available.

For completeness, the tests were conducted on a consumer grade computer with the following
speci�cation: Operational System Windows 10 Home Edition, CPU Intel© CoreTM i7-7500U, and 8
GB of RAM. MATLAB© 2018a was used for implementation purposes. Running on this con�gura-
tion, the algorithm here described took 282, 9110 seconds to �nish.
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8.6 Conclusions

This paper presented a novel formulation for video-based modal analysis and identi�cation
using dynamic point cloud data. The BSS paradigm is here utilized for unsupervised and output-only
parameter estimation. Virtual Lagrangian sensors are used to get motion information from several lo-
cations at the structure surface. The number of Lagrangian sensors is arbitrarily chosen and can be
in the order of hundreds of thousands. As dynamic point clouds are inherently 3D data sets, the end
result is the estimation of 3D high-resolution full-�eld modal parameters. At the best of the authors
knowledge, the processing of dynamic point clouds for modal analysis has never been attempted be-
fore, which endorses the unique contributions here stated.

In summary, our work o�ers a promising alternative to the traditional laser-based and phys-
ically attached equipment used for a wide range of engineering applications. Also, when compared
to the emerging imager-based approaches, the one here proposed can be implemented in an e�cient
manner and does not require structural surface preparation neither the positioning of high contrast
targets. As the imaging technology advances we believe in the near future it will be possible to extend
and employ the demonstrated capabilities to practical structural analysis and other related �elds.

8.7 Acknowledgements

This study was �nanced in part by the Coordenação de Aperfeiçoamento de Pessoal de Nível
Superior - Brasil (CAPES) - Finance codes 88882.445119/2018-01 and 88881.190499/2018-01. This work
was also supported by the US Department of Energy through the Los Alamos National Laboratory.
Los Alamos National Laboratory is operated by Triad National Security, LLC, for the National Nu-
clear Security Administration of U.S. Department of Energy (Contract No. 89233218CNA000001).
This work was partially funded by Presidential Early Career Award for Scientists and Engineers.



175

CHAPTER9
Conclusions and Future Work

“Begin at the beginning,” the King said gravely, “and go on till you come to
the end: then stop.”

— Lewis Carroll, Alice in Wonderland

“One, remember to look up at the stars and not down at your feet. Two, never
give up work. Work gives you meaning and purpose and life is empty without
it. Three, if you are lucky enough to find love, remember it is there and don’t
throw it away”

— Stephen Hawking (1942–2018), English theoretical physicist, cosmologist,
and author

9.1 Final Remarks

The present thesis proposed a set of algorithms and methodologies for intelligent structural dam-
age detection, data acquisition, feature extraction and modal analysis. The objectives and con-

tributions stated in Chapter 1 were demonstrated throughout the other chapters, where further and
speci�c discussions and results were carried out. The chapters are centered in the SPR paradigm, as
the main focus of this thesis is to propose alternative approaches for damage detection, non-contact
data acquisition and data processing for feature extraction, which are directly related to the main steps
of the SPR.

More speci�cally, as an e�ort to address the issues related to the intelligent data normalization
for damage detection applications, and directly tied to Objective 1, this work contributes by propos-
ing two automated techniques based on stacked autoencoders and hierarchical clustering for SHM.
In Chapter 3 the cluster-based approach demonstrates better damage detection performance in terms
of Type I and Type II errors when compared to the GMM- and MSD-based techniques, mainly for
minimizing Type II errors, which is a critical issue when life safety is one of the main concerns for
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the implementation of monitoring systems. This novel technique evaluates the spacial geometry and
sample density of each cluster, and can be seen as an important advance to cluster-based methods for
SHM, as it does not require any input parameters and excludes the need for direct measures of the
sources of variability. The issue still requiring further veri�cation is the shape of the learned clusters.
In this case, the model assumes quasi-circular clusters, although that assumption may not be always
valid. Other shapes could be easily inferred by changing the Equation 3.1 intended for linear in�ation.
For instance, to obtain elliptical clusters, the Mahalanobis squared distance could be the adequate
choice.

In Chapter 4 an alternative approach is proposed on the basis of nonlinear PCA and autoen-
coders. In this case the proposed technique have outperformed the more conventional PCA-based
approaches available in literature, with improved performance in the damage detection. Moreover, it
circumvents the drawbacks related to the compared techniques, mainly considering the data normal-
ity assumptions, de�nition of hyperparameters and issues related to the model of normal condition
in structures with di�erent behaviors when subjected to linear/nonlinear variations. Both algorithms
(ACH and DPCA) have overcome some of the best available approaches in literature by the time of
their proposition. Although its relevant performance in terms of damage detection, the proposed au-
toencoder could not completely �lter out the freezing e�ects caused by temperature variations. That is
expected since there is no algorithm until the date capable to remove all e�ects of environmental vari-
ations on this particular dataset; however, additional layers and an alternative threshold could smooth
out the remaining temperature e�ects on the residual errors.

Chapter 5 is devoted to present a solution to Objective 2, as it describes a manner to use
the autoencoder presented in Chapter 4 for damage-sensitive feature extraction purposes and com-
pares it to other approaches using a well-known data normalization for damage detection technique.
In terms of overall analysis, as veri�ed on the test bed structure, the proposed two-stage feature ex-
traction approach derives a smaller set of features with more aggregated information, as evidenced by
the tests using the Shannon information entropy. When attempting to visually evaluate the extracted
features, it can be noted that the proposed approach successfully separates the data from normal con-
dition to the ones collected during the damaged condition, which results in clear improvements on the
damage detection performance of the GMM algorithm for Type I and Type II errors. Those results
are an indication that multiple levels of feature processing may bene�t the damage detection perfor-
mance of conventional techniques. However, as veri�ed when visualizing the extracted features from
the proposed approach, the algorithm for modelling of the normal condition and to perform damage
detection needs to be carefully chosen as nonlinear techniques may not be adequate for the level of
separation achieved between the data from undamaged and damaged conditions. In this speci�c case
scenario, a linear function could provide even better results for separating the data from both classes.

Regarding Objective 3 it is proposed a vision-based technique that uses a known, although
mostly underexplored, dimensionality reduction and blind source separation technique for output-
only modal analysis. Introduced in the Chapter 6, the role of the nonnegative matrix factorization
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is to, at the same time, reduce the dimensionality of the data and initially separate the main sources
of motion present in the video measurement. Next, blind source separation based on the complexity
pursuit algorithm is employed to e�ectivelly decompose the individual vibration modes. This is similar
to the technique proposed in [48], with the main di�erence in the use of a pre-processing step using
phase-based optical �ow for computation of displacements and PCA for dimensionality reduction. It
turns out that when using the matrix factorization technique the optical �ow step is not imperative for
the separation of modes, as better demonstrated in Chapter 7. In this case, it is reasonable to consider
that the pixel intensities are equivalent to in-plane displacements (refer to [328] for discussions on
the limits of subpixel motion detection). With changing lighting conditions this could not be a valid
statement, but for constant illumination (as for most indoor applications) the explicit computation
of displacements seems to overcomplicate an already very di�cult problem to solve. The application
of the proposed video-based approach for modal decomposition, on travelling waves (Objective 4),
opens a new range of possible ventures and applications in the near future, ranging from seismic and
medical imaging to the monitoring of industrial process, such as welding pools.

As proposed in Objective 6, Chapter 8 presented the �rst e�ective method for 3D modal
analysis and decomposition that extrapolates the recent advances in point clouds for actual structural
dynamics monitoring. With the last generation of Microsoft Azure Kinects equipped with time-of-
�ight sensors, it is now possible to collect at reasonable sampling frequencies dynamic point cloud data
for structural dynamics analysis. For the presented test-bed we could monitor the displacements of a
laboratory structure using approximatelly 142.000 virtual sensors, which in theory could be consid-
ered analogous to monitor the same structure with approximatelly 142.000 physically attached sen-
sors. The decomposition and mode visualization results outstanded the initial expectations, demon-
strating a promising alternative for vision-based 3D monitoring applications.

Here, it is worth to emphasize that although point cloud processing has been attempted in
structural monitoring during the last two decades, dynamic point cloud processing was only possible
very recently with last generation imagers. LiDAR data is essentially static data, which has obvious
applications for numerical models, but their static nature currently limits the development of data-
driven dynamics methods. Other laser-based approaches have also been attempted but the associated
high-costs have limited the spatial resolution of such systems. With our attempt to employ a comercial
and low-cost imager we hope to boost researches in the improvement of the temporal resolution of
the hardware here used, as currently it is the main limiting factor for deployment.

9.2 Further Details and Comments

Chapter 1, Chapter 2, Chapter 3, Chapter 4 and Chapter 5 present comments on the
complexity of traditional statistical modelling (notoriously, the ones based on linear PCA, GMM and
KPCA) and on their challenges to properly model the normal condition and perform damage detec-
tion. One should note that some of those comments are problem-speci�c, which make di�cult to
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infer generalizations. To avoid confusions to the reader, mainly when one veri�es the use of the afore-
mentioned techniques for vision-based modal analysis. It is important to point out that for embeded
systems is preferable to apply simple and agile modelling techniques for issues of limited processing,
data transmission and energy harvesting. This can be hardly achieved with GMM- and PCA-based
models. Consider the case of implementing a distributed real-time damage detection approach to sup-
press not only unnecessary transmission but also local processing in order to save power without sac-
ri�cing sensitivity or speci�city [382]. The techniques based on PCA or GMM are not likely the �rst
option. These are the main factors motivating the development of the cluster-based (ACH) approach
proposed in Chapter 3, speci�cally designed for structural monitoring applications requiring no in-
put parameter with e�cient implementation using few lines of code. Although requiring �eld testing,
this simplicity could allow its embeding into wireless sensing units for on-site damage detection and
localization. The reader is referred to the complexity analysis performed over the ACH algorithm pro-
posed in Appendices A and B. Note that in the case of the vision-based techniques, the use of PCA
has very di�erent objectives. First, when working with imagery we assume processing units capable to
support high computational loads. Second, the long-term goals of these techniques are not including
physical embeding in small processing nodes; if that becomes the goal of the vision-based monitoring
customized formulations of the proposed techniques will be required.

Regarding the comments on the performance of the traditional linear PCA systematically
done in Chapter 4 and Chapter 5, it should be noted that those comments are also supported by
other studies in literature. For damage detection, linear PCA has problems to learn nonlinear e�ects
of operational and environmental variability, as it is shown in several works [39, 38, 187]. However,
PCA has relative good perfomance for vision-based SHM applications. In this case, linear PCA is used
for dimensionality reduction as it is not feasible to process all pixels at once. Then, BSS techniques are
applied to disentangle individual modes from the video measurements. In this work�ow, linear PCA
has demonstrated reasonable suitability for video modal analysis.

For many monitoring scenarios, an arguable issue is the size of the data sets used for intelligent
monitoring. Although continuous monitoring strategies generate huge amounts of response data, in
the case of bridge monitoring, it is commonly accepted throughout the structural dynamics commu-
nity that only a few daily measurements are required for long-term monitoring. The reason is directly
linked to the e�ects of changing variability conditions [8]. When accounting for the in�uences of a
changing environment on damage-sensitive features, an important observation is that the variations in
environmental conditions are much slower than the lowest structural eigenperiod for �xed conditions.
When monitored for a short period of time (seconds or minutes), the structure therefore behaves as
a linear time-invariant system. These local linear dynamics change when the structure is monitored
over longer time spans (hours, days, months, years). In terms of the underlying cause (often primarily
changes in temperature), these changes can be nonlinear, due to the nonlinear temperature–sti�ness
relationships of structural materials or boundary conditions, and time dependent, due to the large
thermal inertia of many structures. Therefore, in our case, the monitoring data sets from the Z-24
Bridge and the Tamar Bridge are not substantially large from a machine learning perspective. How-
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ever those data accomodate most part of the seasonal changing conditions one expect during a whole
year of monitoring (for instance, the Tamar bridge was daily monitored for approximatelly two years,
resulting in a data set with only 602 observations). The best approach the SHM literature has reported
to date, for preventing specialized models, is to simple train the algorithms with approximatelly one-
year of monitoring data and separate a portion of unseen data for testing, in order to validate the
trained models, which is the procedure followed in all of the presented works along this thesis.

Finally, Chapter 4 and Chapter 5 point out that as the number of layers in a neural network
grows, conventional feedforward training schemes based on gradient methods are not suitable. In fact,
traditional feedforward backpropagation is not applicable to train deep architectures [383]. However,
one should not that recent advances in training algorithms have allowed one to apply gradient-based
feedforward training schemes for deep neural networks [384, 385]. The main assumptions consist on
applying a set of conditions in parameter initialization in order to avoid a feedforward training from
scratch.

Moreover, another issue may be the positioning of the proposed autoencoder (Chapter 4
and Chapter 5) as a deep model. It is possible to argue that the proposed models are hardly de�ned as
“deep” due to the small number of nodes in each layer. However, one must consider that “depth” is
commonly referred to as the most determining factor when training successfull deep networks [386].
According to Yoshua on its famous book [264], networks with more than one hidden layer can be
considered deep. In its criterion, deep learning problems are those requiring more than one nonlinear
mapping to properly learn the characteristics of the training data. Although there is no universally
agreement upon a threshold of depth dividing shallow learning from deep learning, most researchers
do agree that when considering the chain of transformations from input to output in deep models,
de�ned by Schmidhuber [253] as credit assignment paths (CAPs), deep networks have multiple non-
linear layers (CAP> 2). Schmidhuber considers problems requiring models with CAP> 10 as very
deep models. For a feedforward neural network, the depth of the CAPs, and thus the depth of the
network, is the number of hidden layers plus one, which in fact resemble the criterion earlier de�ned
by Bengio.

In our case, it has been proposed AE models with seven hidden layers, without considering
input and output. To keep the training simple, and thus applicability for real applications, a tradi-
tional two-stage training procedure proposed by Hinton [172] was used instead of more recent and
sophisticated feedforward training algorithms. This is possible due to the hybrid approach used for
feature extraction, where modal features are �rst exracted before feding a deep model, thus reducing
computational burden, model size and training e�orts.

9.3 Directions for Future Work

For the proposed cluster-based algorithm we have noted that although it can be seen as non-
parametric, the metric employed for the linear in�ation of hyperspheres tends to bene�t data sets in
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which the data describe a mixing of multivariate Gaussian distributions, since the hyperspheres de-
scribe quasi-circular clusters. The mutual equidistant-scattering criterion [387] has proven to improve
clustering solutions when coupled into other cluster-based approaches, and could be a strong candi-
date for the ACH algorithm.

For the proposed nonlinear PCA technique, in terms of damage detection, we have envisioned
its application in missing data problems related to the SHM. In real-world monitoring scenarios, miss-
ing data is caused by mal-functioning of the acquisition systems, power outage or inadequate manag-
ing of collected data [8]. For any of these cases a possible solution is to create a denoising autoencoder
capable to perform the learning of the normal condition of a monitored structure from the incom-
plete data set [388, 389]. In this case, (1) the damage detection could be performed directly over the
incomplete data set or (2) the gaps in the data set could be �lled by the trained model.

From the damage-sensitive feature extraction perspective it is necessary to perform additional
tests of the proposed approach over other laboratory and real-world data sets to attest the reliability
of the technique. Also, a forward proposition is to change the archictecture of the network to during
the �ne-adjustment include a layer for direct output of the damage indicator, instead of training an
additional model for that purpose only. Alternatively, with the advent of adversarial machine learning,
one could attempt the training of an adversarial model to create counter-examples to strength the
damage-sensitivity of the extracted features.

Regarding the vision-based techniques, the most proeminent work to be attempted in the
near future is the measuring of the variability sources from the structural response acquired in video.
A structural system is conventionally represented as an input-output model, where the inputs are the
operational and environmental e�ects (e.g. temperature, wind spee, loading) and the outputs are the
actual structural response (e.g. modal frequencies, damping, stifness). As the video techniques have
demonstrated proli�c capabilities to blindly estimate structural responses, a following step would be
to blindly estimate the variability factors using approaches of blind system identi�cation and blind
deconvolution. This would increase the range of possible problems to be solved by those vision tech-
niques, from autonomous surveillance using UAVs to the managing and modelling of wild�re occur-
rences.

Moreover, as in Chapter 6 we have described an application of video-based techniques for
wave decomposition, the next step is the estimation of complex modes. A solution based on Hilbert
transforms [390] have been attempted before for estimating the imaginary component of real-valued
measurements. In summary, the measured data could be rotated 90∘ in phase for estimating the corre-
sponding imaginary component. Thus, we could easily perform blind source separation over real and
imaginary data to obtain separate solutions, and therefore, real and complex mode shapes.

In the case of the 3D modal identi�cation technique, the next step is to compose point cloud
data from three di�erent time-of-�ight imagers capturing the dynamic response at di�erent perspec-
tives. The goal is to obtain 360∘ mode shapes from the registering of the di�erent dynamic point
clouds. For this, we need to further explore the modelling of the virtual Lagrangian sensors for more
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complex structures. An envisioned possibility is to explore spline models during the creation of the
mesh of virtual sensors.

In terms of real-world applications, an integrating approach to couple intelligent damage de-
tection algorithms to the video techniques for data acquisition and feature extraction requires devel-
opment. It it not feasible to directly use the high-resolution features extracted from video as input
to the proposed damage detection algorithms, as the number of inputs is cost prohibitive, reduc-
ing their training performance and potentially specializing the models to the trained data. Thus, the
high-resolution mode shapes estimated from video, for instance, are not indicated for direct use in
the damage detection algorithms (modal frequencies, damping ratios and modal coordinates are the
better choice). In order to e�ectivelly explore this damage-sensitive feature pixel selection is probably
needed to reduce the dimensionality of the mode shapes. A second option is to explore solutions on
compressive sampling to retain the most important parts of these mode shapes. In any case further
studies are required to the actual integration of those video-based full-�eld features into the damage
detection algorithm, as these can be important to potentially locate the damage position in a complete
unsupervised fashion.
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APPENDIXA
Theoretical properties

To provide a reliable proof of convergence for the ACH algorithm, it is necessary to provide
some intuition about data distribution in the expendable case and the corresponding behavior of
ACH. Since X ∈ R𝑛×𝑚 is composed of the training examples and C is composed of 𝐾 sets of val-
ues disposed in the feature space, it becomes possible to infer two propositions inherent to the model
with greater computational cost. The �rst proposition concerns to the maximum number of necessary
iterations to the most external loop (lines 2 to 19) before convergence.

Proposition 1. Assuming that C is composed of non empty clusters c1, c2, · · · , c𝐾 ∈ R𝑚, admitting
the same operations such as c𝑖 ⊆ C and X has only one real data cluster to be defined, then among
the𝐾! possible permutations of centroids there is at least one which makes necessarily 𝐾2+𝐾−2

2 iterations
before the algorithm converges.

Proof. Since C admits anyone of the𝐾! combinations of its elements, there is unless one to keep the
centroids distributed on the feature space in a such manner that the algorithm needs𝐾 + (𝐾 − 1) +
(𝐾 − 2) + · · · + 2 = 𝐾2+𝐾−2

2 loops to determine only one cluster describing the actual data shape.
This occurs due to the algorithm merges only two components per iteration, in the worst case, forcing
the algorithm to check all the components previously veri�ed.

The second proposition derives from the �rst and establishes a limit of iterations to the most
internal loop (lines 7 to 14 in Algorithm 1), de�ning the number of hyperspheres in a same component.

Proposition 2. Being the increment value of the hypersphere radius defined by Equation 3.1 (Section
2.3.1) and c𝑖 is close to the geometric center of the component, then the maximum number of hyperspheres
𝐻𝑦 before the algorithm converges is given by

𝐻𝑦 ≤
⌈︃

max(‖c𝑖 − x‖)
𝑅0

⌉︃
, ∀x ∈ X. (A.1)
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Proof. When a centroid is positioned on the center of a real component (or in its neighbourhood),
the hypersphere radius increases as an AP with a common di�erence equal to𝑅0. Thus, one can nat-
urally conclude that the hypersphere radius is never greater than the component radius. When the
hypersphere reaches the border of the component, more sparser are the observations, which reduces
the sample density compared to the last ACH iteration, leading to the convergence of the algorithm.
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APPENDIXB
Complexity proof

Based on previous propositions, this section provides the asymptotic complexity proof. How-
ever, before to start the analysis, some required cost informations are introduced. To estimate a supe-
rior limit it is necessary associate a maximum cost value to the execution of each instruction line. For
each simple line (e.g., arithmetic operations and logic comparisons) it is assumed a constant value
equal to one. On the other hand, to the lines with function calls, the cost is calculated based on some
analytical considerations.

Initially, one should analyze the lines with constant cost. The line 1 classi�es each observation
as belonging to a cluster, which gives a cost equal to𝐾×𝑛. In similar manner, to dislocate𝐾 centroids
it is imperative to evaluate 𝑛 observations in a 𝑚-dimensional space. Thus, the line 3 assumes a cost
equal to the product between the feature space dimension𝑚 and the number of training data points𝑛
added to the number of centroids𝐾 . The line 4 is responsible for selecting the current pivot centroid.
If none merges occurred in the last iteration, the next centroid in the set 𝐶 is selected, otherwise the
�rst centroid is chosen. To this line a constant cost is also assumed.

To compute a component radius, in the worst case, it is necessary evaluate𝑛−1 observations.
In this case, the line 5 has a complexity of 𝑛 − 1. The line 9 indicates which points are inside the
hypersphere, being necessary analyze all the 𝑛 points in the training matrix X, deriving a complexity
equal to 𝑛. In a similar manner, to compute the sample density of a hypersphere, the line 11 needs a
maximum of 𝑛×𝑚 iterations before convergence.

The function in the line 15 analyzes all the centroids in each iteration to de�ne which ones
can be merged. This process results in a complexity equal to | C |. In the line 17, a new function call
to 𝑐𝑎𝑙𝑐𝐼𝑛𝑑𝑒𝑥𝑒𝑠 is made. As the number of centroids may be reduced over the iterations, this line cost
depends on the cardinality of the set C. However, asymptotically one can apply the same cost assumed
to the line 1.

To understand the maximum complexity estimated in the line 9, the Proposition 2 discussed
previously is required. It is assumed that, when there is only one cluster de�ned by the data and𝐾 > 1,
the maximum number of built hyperspheres depends of the component radius. Therefore, the num-
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ber of iterations in the line 9, in the worst case, is equal to
⌈︁

max(‖c𝑖−x‖)
𝑅0

⌉︁
. In a solution with K centroids

it is possible to infer successive merges performed two by two until one centroid remains. In this case,
after each merge, all the components are revalidated. Thereby, the complexity is equivalent to an AP
with common di�erence and initial term equal to two and one, respectively.

Adding the cost of all terms and multiplying those inside loops by the maximum number of
iterations in Proposition 1 derives

𝐹 (𝐾,𝑛,𝑚) =
(︃
𝐾2 +𝐾 − 2

2

)︃(︃
(𝑛− 1) + 7 +𝐻𝑦(𝑚𝑛+ 𝑛+ 4) + (𝑛+ 1)(𝐾2 +𝐾 − 2)

2

)︃
+ 𝑛𝐾 + 𝑛𝑚+𝐾,

ordering and excluding components of less asymptotic order result in

𝐹 (𝐾,𝑛,𝑚) =
(︃
𝑛𝐾2 −𝐾2 + 7𝐾2 + 𝑛𝑚𝐾2𝐻𝑦 + 4𝐾2𝐻𝑦 + 2𝑛𝐾 + 2𝑛𝑚+ 2𝐾

2

)︃

+
(︃
𝑛𝐾4 +𝐾4 + 2𝑛𝐾3 + 2𝐾3 +𝐾2 + 4

4

)︃

−
(︃

3𝑛𝐾2 + 4𝑛𝐾 + 4𝐾 + 4𝑛
4

)︃
,

< 𝑛𝑚𝐾2𝐻𝑦 + 𝑛𝐾4 + 2𝑛𝐾3 + 𝑛𝐾2 +𝐾4 + 4𝐾2𝐻𝑦 + 2𝐾3

+ 6𝐾2 + 2𝑛𝑚+ 2𝑛𝐾 +𝐾2 + 2𝐾 + 4 − 3𝑛𝐾2 − 4𝑛𝐾 − 4𝑛− 4𝐾,

< 𝑛𝑚𝐾2𝐻𝑦 + 𝑛𝐾4 + 2𝑛𝐾3 + 𝑛𝐾2 +𝐾4 + 4𝐾2𝐻𝑦 + 2𝐾3 + 2𝑛𝑚

+ 2𝑛𝐾 + 6𝐾2 +𝐾2 + 2𝐾.

Initially, one may suppose the term 𝑛𝐾4 as the one with highest complexity order. However,
the asymptotic curve of the term 𝑛𝑚𝐾2𝐻𝑦 is greater due to𝐾 ≪ 𝑚. Substituting𝐻𝑦 and𝑅0

𝐹 (𝐾,𝑛,𝑚) = 𝑛𝑚𝐾2𝐻𝑦,

= 𝑛𝑚𝐾2
⌈︃

max(‖c𝑖 − x‖)
𝑅0

⌉︃
,

= 𝑛𝑚𝐾2
⌈︃

max(‖c𝑖 − x‖)
log10 (‖c𝑖 − x𝑚𝑎𝑥‖ + 1)

⌉︃
,

≃ 𝑛𝑚𝐾2 max(‖c𝑖 − x‖)
log10 (‖c𝑖 − x𝑚𝑎𝑥‖ + 1) .

In the worst case, due to only one distribution �ts the entire data (i.e., 𝐾 = 1) it is assumed
𝐷 = max (‖c𝑖 − x‖) = ‖c𝑖 − x𝑚𝑎𝑥‖, then
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𝐹 (𝐾,𝑛,𝑚) = 𝑛𝑚𝐾2 𝐷

log10 (𝐷 + 1) ,

= 𝑛𝑚𝐾2 log10 (𝐷 + 1)−𝐷 .

Finally, one can conclude the algorithm computational complexity as

𝒪
(︁
𝑛𝑚𝐾2

)︁
.

When𝐾 ≈ 𝑛, the asymptotic complexity becomes a third order function. This is equivalent
to the time complexity of the fuzzy c-means algorithm and slightly worse than k-means [391]. However,
its agglomerative characteristic allows to model, at the same time, the data shapes and discover the
optimal number of clusters. This can be pointed out as an advance over other clustering approaches
that require o�ine mechanisms to infer the number of clusters.
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